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Abstract: It has been proven that electron density in the solar corona is determined by observing the 
frequency drift of type III radio bursts. We investigated the certain dependence of the scale height on 
the distance, which allows us to obtain different dependence of the frequency drift rate (FDR) on the 
frequency. The scale height is presented in a combination of two distance dependencies as H =
 αλT + (1 − α)f(𝑟𝑟). As a result of integration of equation, we obtain the electron density ne(𝑟𝑟) in the 
form ne =  n0(1 + y)−1 (1−α)b⁄ , 𝑦𝑦 = 1−𝛼𝛼

𝛼𝛼
𝑏𝑏 𝑟𝑟
𝜆𝜆𝑇𝑇

   and the constants are determined in comparison with 
the empirical formulas for FDR. In particular, using the well-known empirical formula 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 =
−0.01𝜈𝜈1.84, we can obtain (1 − α)b = 0.42. The obtained calculation results are compared with the 
results of other authors and they have been found to be consistent when choosing the parameters 
included in the formula. The calculation shows that this formula is in good agreement with the data 
at distances from the lower corona to the Earth's orbit. This dependence of electron density makes it 
possible to agree with the observed FDR as a function of frequency.  
 
Keywords: Sun: corona; Sun: electron density; Sun: radio burst type III; Sun: frequency drift rate; 
 
INTRODUCTION 
 

The electron density in the solar corona is 
an important physical parameter for studying 
the active phenomena of the solar atmosphere. 
In [1] it was written that’ Indeed, the profile of 
the Sun’s electron number density with radial 
distance r from the Sun’s center, ne(r), is poorly 
understood and measured from the 
photosphere, where the medium is almost 
entirely neutral and cool (∼6000K), to the fully 

ionized and hot plasma of the corona (106–
107K) and solar wind (104–106K)”. Therefore, 
due to these different physical conditions for 
the altitude in the solar atmosphere, electron 
density does not change merely owing to 
distance.  Many works are have been devoted to 
determining the electron density in the solar 
corona from various observational data 
depending on altitude [1-8].
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For electron density, scientists have used 
exponential expressions near the base of the 
solar corona and 𝑎𝑎𝑖𝑖 𝑟𝑟𝑏𝑏𝑖𝑖⁄  type sum with some 
coefficients away from the Sun, as well as their 
combinations. Using observational data, 
average values of unknown coefficients are 
determined, that is, they are adjusted to these 
data. 

The most striking manifestation of the 
sporadic radio emission of the Sun are the type 
III radio bursts. Solar radio bursts were 
observed for almost 70 years, and one of the 
first observational data was described in detail 
in [9]. Since the electron density in the solar 
corona decreases with height, frequency drift is 
observed for radio bursts. Radiation of burst 
types (III, V, and U) are generated at 
frequencies close to the Langmuir and double 
Langmuir frequencies (second harmonic) 
corresponding to the electron density at this 
height. From plasma theory, the Langmuir 
frequency (fundamental emission) is defined as 
𝜈𝜈 ≈ 9000�𝑛𝑛𝑒𝑒 ,𝐻𝐻𝐻𝐻. Where 𝑛𝑛𝑒𝑒 (in cgs units) is 
the background electron density at the location 
of the exciter. Currently, there are several 
theories for generating type III bursts and the 
most prominent among them are the works by 
Ginzburg and Zheleznyakov [10], and Melrose 
[11,12]. On the way through the corona, a fast 

electron beam excites plasma turbulence, the 
radiation of which we observe in the form of 
radio bursts. An electron beam that generates 
type III bursts propagates along open field lines 
through the corona. The radiation source moves 
in the solar corona at a speed of 0.1c to 0.8 c. 
Typical velocities are between 0.2 and 0.5 c 
[13].  

From spectral observations, the drift 
frequencies of radio bursts are calculated, and 
there are also several empirical formulas for the 
FDR that correspond to different frequency 
ranges [14–20]. They are obtained in the form 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝐴𝐴𝜈𝜈𝜀𝜀 with various coefficients (A) and 
powers (ε > 1). It can be seen from the 
hydrostatic equilibrium in the corona that the 
FDR is obtained in the form 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = −𝐴𝐴𝐴𝐴,     
that is, a linear frequency dependence (ε = 1). 
Therefore, as noted in [21], the dependency of 
the FDR on frequency vary significantly 
between empirical and theoretical formulas. 

In this paper, we obtained a formula for 
determining the electron density in the solar 
corona, taking into account the change in the 
scale height 𝜆𝜆𝑇𝑇 = 47.0[𝑀𝑀𝑀𝑀] × 𝑇𝑇ℎ[𝑀𝑀𝑀𝑀] [22] 
with altitude, and the constants are determined 
by way of comparison with empirical formulas 
for FDR

 
MATERIALS AND METHODS 

 
Density Calculations 

From the formula 𝜈𝜈 ≈ 9000�𝑛𝑛𝑒𝑒 , it is 
possible to determine electron density from the 
observed frequencies, however, the distance of 
radiation or the radiation source from the center 
of the Sun is unknown (𝑛𝑛𝑒𝑒(𝑟𝑟)- this dependence 
on radial distance is very important for 
studying the physical states of the corona). That 
is 𝑛𝑛𝑒𝑒 ≈ 1.24 × 10−8𝑓𝑓2 for fundamental and 
𝑛𝑛𝑒𝑒 ≈  3.10 ×  10−9𝑓𝑓2 for harmonic emission 
[7]. For many problems, an explicit expression 
of the electron density as a function of the 
height and the temperature is required. 
Aschwanden and Acton [23] showed that 
electron density in the corona varies 
significantly, depending on the position of the 
angle at a given height. For example, the 
smallest values are measured in coronal hole 

regions, of order 𝑛𝑛0 ≈ (0.8 − 1.1) × 108𝑐𝑐𝑐𝑐−3 
and the highest densities are found in active 
regions (AR), of order 𝑛𝑛0 ≈ (0.4 − 2.0) ×
109𝑐𝑐𝑐𝑐−3. Many works [1-3, 5-8] show that the 
dependence of electron density on the height 
differs from hydrostatic equilibrium (P=ρgH ) 
with a constant scale height H (from the 
exponential density model). It was found that 
the coronal streamers and ARs have a scale 
height that exceeds the hydrostatic scale height 
by a factor of up to 2.3 [23,24]. In our analysis, 
a function 𝑓𝑓(𝑧𝑧) with a weight (1 – α) that is 
directly proportional to the distance was added 
to the scale height (𝛼𝛼𝛼𝛼𝑇𝑇) in the equation of 
hydrostatic equilibrium. The equation reads as 
follows:  
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𝐻𝐻 =  𝛼𝛼𝛼𝛼𝑇𝑇 + (1 − 𝛼𝛼)𝑓𝑓(𝑧𝑧), 0 < 𝛼𝛼 ≤ 1,                                        (1) 
𝑑𝑑𝑑𝑑 = −𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌, 𝜌𝜌 = 𝑝𝑝 𝑔𝑔𝑔𝑔⁄ , 
𝑑𝑑𝑑𝑑
𝑝𝑝

= −
𝑑𝑑𝑑𝑑

𝛼𝛼𝛼𝛼𝑇𝑇 + (1 − 𝛼𝛼)𝑓𝑓(𝑧𝑧) . 

 
If 𝑓𝑓(𝑧𝑧) = 𝑏𝑏𝑏𝑏 then the result of the integration in 𝑧𝑧  is 
 

  𝑃𝑃 = 𝑃𝑃0�(1 + 𝑦𝑦)1/𝑦𝑦�
−ℎ/𝛼𝛼𝜆𝜆𝑇𝑇 , 𝑦𝑦 =

1 − 𝛼𝛼
𝛼𝛼

𝑏𝑏
ℎ
𝜆𝜆𝑇𝑇

 . 

 
A similar result, the electron density (𝑛𝑛𝑒𝑒 = 0.52𝑃𝑃/𝑘𝑘𝑘𝑘  [19]) will be 
 

𝑛𝑛𝑒𝑒 = 𝑛𝑛0�(1 + 𝑦𝑦)1/𝑦𝑦�
−ℎ/𝛼𝛼𝜆𝜆𝑇𝑇 ,                                                                     (2) 

 
And 
 

𝑛𝑛𝑒𝑒 =  𝑛𝑛0(1 + 𝑦𝑦)−1 (1−𝛼𝛼)𝑏𝑏⁄  .                          
 
The limiting value of this goes to hydrostatic equilibrium (barometric equation) 
 

lim
𝛼𝛼→1

𝑛𝑛𝑒𝑒 = 𝑛𝑛0lim
𝑦𝑦→0

�(1 + 𝑦𝑦)1/𝑦𝑦�
−ℎ/𝛼𝛼𝜆𝜆𝑇𝑇 → 𝑛𝑛0𝑒𝑒

− ℎ
𝜆𝜆𝑇𝑇. 

 

In the case of a constant 𝜆𝜆𝑇𝑇 for 𝜕𝜕𝑛𝑛𝑒𝑒/𝜕𝜕ℎ we get the following: 

 

𝜕𝜕𝑛𝑛𝑒𝑒
𝜕𝜕ℎ

= −
𝑛𝑛𝑒𝑒

𝛼𝛼𝛼𝛼𝑇𝑇(1 + 𝑦𝑦) .                                                                             (3) 

 
The constants α and b will be determined by comparison with empirical formulas for FDR. 
 
a) Frequency drift rate 

It is known that the frequency drift rate is determined in terms of electron density 𝑛𝑛𝑒𝑒 in the solar 
corona. The drift rate can be written as a PDE [21,22]: 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝑛𝑛𝑒𝑒

𝜕𝜕𝑛𝑛𝑒𝑒
𝜕𝜕ℎ

cos𝜙𝜙
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 ,                                                             (4) 

 
where 𝜙𝜙 is the angle between the beam direction and the vertical (𝜕𝜕ℎ). 

Equation (4) has to be corrected for the finite speed of light. The differential in observing 
time, 𝜕𝜕𝜕𝜕, is shortened by the relativistic motion of the source along its 𝜕𝜕𝜕𝜕 [21], 𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕/𝜐𝜐𝑠𝑠 −
(𝜕𝜕𝜕𝜕 cos 𝜃𝜃)/𝜐𝜐𝑔𝑔𝑔𝑔, 𝜃𝜃 is the angle between the beam direction and the radiation path to the observer, 𝜐𝜐𝑠𝑠 
is the source velocity, 𝜐𝜐𝑔𝑔𝑔𝑔 is the group velocity of the radiation.  

As a result of the differentiation of the corresponding parameters in (4) and 𝑛𝑛𝑒𝑒 =
𝑛𝑛0exp (−ℎ/𝜆𝜆𝑇𝑇), the following were obtained [21]: 

          𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = −𝐴𝐴𝐴𝐴,           𝐴𝐴 =
𝜐𝜐𝑠𝑠 cos𝜙𝜙

2𝜆𝜆𝑇𝑇(1 − 𝛽𝛽cos 𝜃𝜃)                                             (5) 
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𝜐𝜐𝑔𝑔𝑔𝑔 ≈ 𝑐𝑐,   𝛽𝛽 = 𝜐𝜐𝑠𝑠 𝑐𝑐⁄ . On the other hand, the 
empirical relation is represented as 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 =
−0.01𝜈𝜈1.84 [14]. The obvious discrepancy of 
this linear dependence on frequency with the 
empirical relation can have several reasons 
[21]: (i) the source velocity (𝜐𝜐𝑠𝑠) may decrease 
with altitude, (ii) the scale height 𝜆𝜆𝑇𝑇 may 
increase with altitude. 

In many works [25-27] it has been noted 
that the source velocity is almost constant when 

passing through the corona and is at 𝜈𝜈 <
14𝑀𝑀𝑀𝑀𝑀𝑀 begins to decrease. In [27] a 
deceleration of −12.3 ± 0.8 km s−2 was 
suggested. In [28], it was noted that the change 
in velocity as a function of distance is very 
small. Therefore, in all likelihood, the scale 
height varies with respect to distance. We will 
pay attention to this point. Put (3) in (4), and 
formula (5) will take the following form for 
FDR: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −
𝜈𝜈𝜈𝜈

𝛼𝛼𝜆𝜆𝑇𝑇 + (1 − 𝛼𝛼)𝑏𝑏ℎ
 ,                                                             (6) 

𝑊𝑊 =
𝜐𝜐𝑠𝑠 cos𝜙𝜙

2(1 − 𝛽𝛽cos𝜃𝜃) .                                                                          

 
If we express FDR in terms of frequency, taking into account (3), then we would have 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝜈𝜈 �
𝜈𝜈
𝜈𝜈0
�
2(1−𝛼𝛼)𝑏𝑏 𝑊𝑊

𝛼𝛼𝜆𝜆𝑇𝑇
 .                                                           (7) 

 
So we got 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑  ~ − 𝜈𝜈2(1−𝛼𝛼)𝑏𝑏+1, which can have different degrees. 
 
b)  Finding the constants b and 𝜶𝜶 

Empirical formulas can be used to 
determine the constants b and 𝛼𝛼. There are 
several empirical formulas for FDR [14-20] and 
one of them is 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = −0.01𝜈𝜈1.84 (denote 𝐼𝐼) 

[14], which many authors refer to. Comparing 
this with expression (7), we can define 
constants b and  𝛼𝛼. For example, if we use an 
empirical expression for FDR as 𝐴𝐴𝜈𝜈𝜀𝜀, then 

 

𝐴𝐴𝜈𝜈𝜀𝜀 ≡ 𝜈𝜈 �
𝜈𝜈
𝜈𝜈0
�
2(1−𝛼𝛼)𝑏𝑏 𝑊𝑊

𝛼𝛼𝜆𝜆𝑇𝑇
 .                                                                   (8) 

 
This comparison shows that the degrees 

of frequency in the right and left sides of the 
equality should be equal to 2(1 − 𝛼𝛼)𝑏𝑏 + 1 = 𝜀𝜀. 
From (8) we determine the temperature of the 
solar corona, which is obtained by 𝑇𝑇ℎ =
𝑊𝑊/(47.0 × 𝐴𝐴 × 𝜈𝜈0𝜀𝜀−1 × 𝛼𝛼), where 𝜈𝜈0[𝑀𝑀𝑀𝑀𝑀𝑀] =
0.009�𝑛𝑛0 and 𝑛𝑛0 is the electron density at the 
coronal base. It is clear that 𝛼𝛼𝜆𝜆𝑇𝑇 = const ×𝑊𝑊.  

If the temperature of the solar corona is known, 
then from this formula we can determine the 
value of the parameter 𝛼𝛼. Alternatively, the 
choice of α determines the temperature. 
Therefore, at a known temperature of the 
corona, the constants 𝛼𝛼 and 𝑏𝑏 are uniquely 
determined.

 
RESULTS AND DISCUSSION 
 

It is known that solar corona is 
heterogeneous both in the whole space and in 
time, including the electron density. Most 
empirical formulas for the electron density are 
determined from observable data reflecting the 
dependence on the distance; therefore, some 
physical parameters are not explicitly included 

in the formula. In formulas (2, 6, 7), the scale-
height temperature 𝑇𝑇ℎ of the medium enters 
explicitly through 𝜆𝜆𝑇𝑇. It was shown in the work 
[29] that the electron kinetic temperature 𝑇𝑇𝑒𝑒 in 
the corona is substantially less than 𝑇𝑇ℎ. In our 
case, we did not take into account this 
difference (𝑇𝑇ℎ = 𝑇𝑇𝑒𝑒). We proposed a scale 
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height depending on distance in a first 
approximation as in (1). In [30], the free optical 
thickness of the radiating medium is giving by 
the formula  
 𝜏𝜏 ≈ 1.5 × 10−6𝑇𝑇𝑒𝑒

−3/2𝜈𝜈2𝐻𝐻 ~ 𝑇𝑇𝑒𝑒
−3/2𝑛𝑛𝑒𝑒𝐻𝐻. 

The radiation coming to us leaves the 
layer of the solar corona with an optical depth 
of less than unity. For a given frequency, the 
optical thickness is constant and, therefore, 𝑛𝑛𝑒𝑒𝐻𝐻  
does not change much taking into account the 
temperature dependence on the distance. This 
allows us to represent the scale heights in the 
form (1). 

In the work [7], radial distributions of the 
mean temperature in the streamer, calculated 
according to the data from EIS, are presented 
along with their comparison with the data of 
other authors [31, 32]. Here the temperature is 
in the range 1 MK - 1.5 MK with deviations 
from the mean value of about 1.43 MK. In the 
works [26, 33], a formula 𝑇𝑇𝑒𝑒 = 0.37 ×

10−4𝜈𝜈4⁄3𝑡𝑡𝑑𝑑
2⁄3 is given for determining the 

coronal electron temperature from the observed 
time profile of type III bursts. Alvarez and 
Haddock [34] in the frequency range 200 MHz 
to 50 kHz found a decay time that is 
approximated 𝑡𝑡𝑑𝑑 = 107.7𝜈𝜈−0.95 , where  𝑡𝑡𝑑𝑑 is in 
seconds and ν is in Hz. Using these values, we 
can obtain an approximation 𝑇𝑇𝑒𝑒[𝑀𝑀𝑀𝑀] ≈ 0.08 ×
𝜈𝜈0.7 for the coronal electron temperature in 
frequency, where ν is in MHz.  

Fig.1 shows the dependence of the scale 
heights (𝐻𝐻/𝜏𝜏) calculated for various optical 
thickness and temperatures. At constant 
temperature 𝐻𝐻/𝜏𝜏 ≈ ℎ, then the scale height 
increases steeply with height. In all likelihood, 
the behavior of all 𝐻𝐻/𝜏𝜏 is similar, and 
especially when the temperature dependence is 
taken into account, they are identical. 
Therefore, in a first approximation, expression 
(1) for the scale heights can be adopted. 

 

 
Figure 1. Scale heights (H/τ) calculated for various optical thicknesses and temperatures (blue dotted, 

dashed and solid black lines). 𝑻𝑻𝒆𝒆(ν) = 𝟎𝟎.𝟎𝟎𝟎𝟎 × 𝝂𝝂𝟎𝟎.𝟕𝟕 
Also H/τ were calculated for constant temperature (yellow dotted line). 

 
The expression in (2) for electron density 

can be written in another form as 𝑛𝑛𝑒𝑒 =
 𝑛𝑛0(1 + 𝑑𝑑 𝜇𝜇⁄ ∙ ℎ)−1 𝑑𝑑⁄ , 𝜇𝜇 = 𝛼𝛼𝜆𝜆𝑇𝑇 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 × 𝑊𝑊,
𝑑𝑑 = 𝜀𝜀/2. The coefficient 𝜇𝜇 depends only on the 
initial value of the electron density (𝑛𝑛0). For 
average values of parameters, with 𝜐𝜐𝑠𝑠 = 0.3,
cos𝜙𝜙 = 0.5 and cos𝜃𝜃 = 0.5, finding the 
constants 𝜇𝜇, 𝑑𝑑 from the comparison (8) with 
(𝐼𝐼) [14], we obtain 𝑛𝑛𝑒𝑒 =  𝑛𝑛0(1 + 0.017 ∙

ℎ)−2.38. The distance ℎ is measured in Mm. (𝐼𝐼)  
- the best fit for the data in the range 75 kHz-
550 MHz, and in this interval most radio bursts 
are observed. The parameter 𝛼𝛼 is ≈
0.2582 at 𝑇𝑇ℎ = 2.0𝑀𝑀𝑀𝑀. We can also use other 
empirical formulas, such as  𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 =
−0.1𝜈𝜈1.4 (denote 𝐼𝐼𝐼𝐼) (High frequencies 200-
3000 MHz) [15].
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Figure 2. Given the electron density of the solar corona, calculated by various formulas [3-5,7]. 

 𝒃𝒃 – are calculated by 𝒏𝒏𝒆𝒆 =  𝒏𝒏𝟎𝟎(𝟏𝟏 + 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎 ∙ 𝒉𝒉)−𝟐𝟐.𝟑𝟑𝟑𝟑 (black full line) and the green line is a radial 
dependence of the local electron frequency 𝝂𝝂𝒑𝒑𝒑𝒑(𝒓𝒓). 𝒏𝒏𝟎𝟎 = 𝟖𝟖.𝟕𝟕𝟕𝟕𝟕𝟕 × 𝟏𝟏𝟏𝟏𝟖𝟖 [4]. 

 
The calculation result with the average 

values of the parameters of this formula are 
shown in Fig. 2 (black full line) and compared 
with the results of other authors from the 
literature. In general terms, these results are 
consistent with each other. Our results can 
fluctuate within the range of changes in the 
value 𝜐𝜐𝑝𝑝 = 𝜐𝜐𝑠𝑠 cos𝜙𝜙. Bougeret et al. [35] 
derived a radial density of heliosphere by 
employing in-situ density measurements. The 

best fit of the data are obtained by 𝑛𝑛𝑟𝑟 =  6.14 ∙
(𝑟𝑟/𝑅𝑅1𝐴𝐴𝐴𝐴)−2.10 [35]. Robinson [36] deduced a 
radial density of 𝑛𝑛𝑟𝑟 ≈  7.0 ∙ (𝑟𝑟/𝑅𝑅1𝐴𝐴𝐴𝐴)−2.29. 
Figure 3 shows a comparison of these with the 
formula (2) at a distance from the corona to the 
Earth’s orbit. It can be seen that the results are in 
good agreement with each other. In the Earth’s 
orbit, they give values of 6.14 [35], 7.0 [36] and 
7.3cm−3 [b], respectively.  

 

 
Figure 3. Comparison of the radial density from [35.36] with the electron density calculated by the 

formula (2) at a distance of the heliosphere (to Earth's orbit). 
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CONCLUSIONS 
 

An expression is obtained for the electron 
density of the solar corona, which allows to 
obtain consistent results between the theoretical 
and empirical formulas for the FDR of type III 
radio bursts. The main idea is that the scale 
height (𝐻𝐻) in the lower corona is almost 
constant and that at large distances from the 
base of the corona it changes in proportion to 
the distance. In the general case, (H) can be 
represented by more complex functions leading 
to a more complicated integration.  From the 
above formula  for the electron density of the 
corona, a general expression for the FDR was 
obtained as 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑  ~ − 𝜈𝜈2(1−𝛼𝛼)𝑏𝑏+1. In 
particular, for 𝛼𝛼 = 1 it reduces to the 
barometric law, for 2(1 − 𝛼𝛼)𝑏𝑏 + 1 = 1.84  to 
the formula (I) and other (II). The numerical 
values of formula (2) directly depend on the 

projection 𝜐𝜐𝑝𝑝 (𝜐𝜐𝑝𝑝 = 𝜐𝜐𝑠𝑠 cos𝜙𝜙) of the source 
velocity. In the case of a type III radio burst, the 
direction of the source velocity is mainly along 
the line of the corona’s open magnetic field 
(probably  cos𝜙𝜙~1.0). It can be seen from 
figures 2 and 3 that formula (2) is in good 
agreement with the data at distances from the 
lower corona to the Earth’s orbit. Finally, we 
note that formula (2) is not empirical, that is, it 
was obtained under a certain assumption and, 
therefore, it can be transformed in various ways 
for specific problems.  
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