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Boundedness of Some Hilbert–Type Operators on the Weighted
Morrey–Herz Spaces

Tserendorj Batbold, Amarsaikhan Amarbayar, Mario Krnić

Abstract. In this paper we establish necessary and sufficient conditions for the
boundedness of a general Hilbert-type operator on the weighted Morrey-Herz spaces,
without imposing conditions on a homogeneous kernel. As an application, some particular
cases are also considered. Our results are compared with some previously known from the
literature.

1. Introduction

Let K : (0,∞)× (0,∞) → R be a non-negative measurable homogeneous function of
degree −λ, λ > 0, i.e. K(tx, ty) = t−λK(x, y). The Hilbert-type integral operator

Tf(x) =

ˆ ∞

0

K(x, y)f(y)dy, x ≥ 0,

is one of the most important operators in operator theory and its applications. Actually,
numerous classical integral operators are special cases of operator T , for some particular
choices of kernel K. For example, we have
– the classical Hilbert integral operator

Hf(x) =

ˆ ∞

0

f(y)

x+ y
dy,

for K(x, y) = 1
x+y

– the Hardy-Littlewood-Polya operator

HLf(y) =

ˆ ∞

0

f(y)

max{x, y}
dy,

for K(x, y) = 1
max{x,y}

– a generalized Hardy-Littlewood-Polya operator

HLλf(y) =

ˆ ∞

0

f(y)

max{xλ, yλ}
dy,

for K(x, y) = 1
max{xλ,yλ}

– the classical Hardy operator

Hf(x) =
1

x

ˆ x

0

f(y)dy,
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for λ = 1,K(x, y) = x−1 · χE(x, y), E = {(x, y) | x < y}.
The sharp bounds for T on Lebesgue spaces have been studied by Bényi and Oh [2],
while the corresponding bounds on the weighted Morrey spaces in multidimensional case
have been established by Batbold and Sawano [1]. In 2009, Kuang [5], established the
necessary and sufficient conditions for the Hilbert-type operators to be bounded on the
weighted Herz spaces under the following conditions on the kernel function:
(C1) There exist constants C1(p), C2(p) > 0, such that

ˆ ∞

0

tλ−1−1/qK(1, t)dt ≤ C1(p)

(ˆ ∞

0

t(λ−1−1/q)pKp(1, t)dt

) 1
p

, for 1 ≤ p < ∞

andˆ ∞

0

tλ−1−1/qK(1, t)dt ≤ C2(p)

(ˆ ∞

0

t(λ−1−1/q)pKp(1, t)dt

) 1
p

, for 0 < p < 1.

In addition, few years later, Kuang [7], also gave the necessary condition for the
boundedness of the Hilbert-type operator on a more general weighted Morrey-Herz
spaces, under the following conditions on the kernel function:
(C2) K(1, t) has a compact support on (0,∞).
(C3) tλ−1−(β+1)K(1, t) is a concave function on (0,∞)
Recently, Yee and Ho [10], established a necessary condition for the boundedness of the
Hilbert-type operator on the Morrey-Herz spaces when λ = 1. For some related results
about the boundedness of Hilbert-type and Hardy-type operators on Morrey-Herz spaces
the reader is referred to papers [3]– [7] and [10], as well as to the references cited therein.
Motivated by the above discussed results, our aim in this paper is to establish the

boundedness for the Hilbert-type operator T on the weighted Morrey-Herz spaces
without imposing conditions (C1)-(C3) on a homogeneous kernel. Hence, our results
may be regarded as an extension of the above results. In addition, we will also study
some particular Hilbert-type operators.

2. Main Results

At the beginning of this section we will recall a definition of the weighted Morrey-Herz
spaces.

Definition 1. Let α ∈ R, 0 < p < ∞, 0 < q < ∞, λ1 ≥ 0 and let ω be a weight
function. The weighted Morrey-Herz space MK̇α,λ

p,q (R, ω) is defined as the space of all
functions f ∈ Lq

loc(R \ {0}, ω) such that

∥f∥
MK̇

α,λ1
p,q (R,ω)

= sup
k0∈Z

2−k0λ1

 k0∑
j=−∞

2jαp∥fχj∥pLq
ω

 1
p

< ∞.

The Morrey-Herz spaces are natural generalizations of the Herz spaces and the central
Morrey spaces. For more details about these spaces and their applications in analysis,
the reader is referred to [8, 9].

Now, we are ready to state and prove our main result. We write MK̇α,λ1
p,q (R+, ω∗) =

MK̇α,λ1
p,q (ω∗) and MK̇α,λ1

p,q (R+, ω) = MK̇α,λ1
p,q (ω), for brevity.
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Theorem 1. Let α, β ∈ R, λ > 0, λ1 > 0, 0 < p < ∞, 1 ≤ q < ∞, ω(x) = xβ and
ω∗(x) = x(1−λ)q+β. Then the Hilbert-type operator T is bounded from MK̇α,λ1

p,q (ω∗) to

MK̇α,λ1
p,q (ω) if and only ifˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt < ∞. (2.1)

In addition, then holds the inequality

∥T∥
MK̇

α,λ1
p,q (ω∗)−→MK̇

α,λ1
p,q (ω)

≤ C(α, λ1, p)

ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt,

where

C(α, λ1, p) =


(
1 + 2|λ1−α|) , 1 ≤ p < ∞

2λ1

(2λ1p−1)
1
p
·
(
1 + 2|λ1−α|) , 0 < p < 1

.

Proof. (i) Utilizing the Minkowski inequality as well as the change of variables y = tx,
we have that

∥(Tf)χk∥Lq
ω
=

{ˆ
Ak

∣∣∣∣ˆ ∞

0

K(x, y)f(y)dy

∣∣∣∣q ω(x)dx}
1
q

=

{ˆ
Ak

∣∣∣∣ˆ ∞

0

K(x, tx)f(tx)xdt

∣∣∣∣q ω(x)dx}
1
q

=

{ˆ
Ak

∣∣∣∣ˆ ∞

0

x1−λK(1, t)f(tx)dt

∣∣∣∣q ω(x)dx}
1
q

=

{ˆ
Ak

∣∣∣∣ˆ ∞

0

K(1, t)f(tx)dt

∣∣∣∣q x(1−λ)qω(x)dx

} 1
q

≤
ˆ ∞

0

(ˆ
Ak

|f(tx)|qx(1−λ)qω(x)dx

) 1
q

K(1, t)dt

=

ˆ ∞

0

(ˆ
2k−1t<s≤2kt

|f(s)|q(s
t
)(1−λ)qω

(s
t

) 1

t
ds

) 1
q

K(1, t)dt

=

ˆ ∞

0

(ˆ
2k−1t<s≤2kt

|f(s)|qs(1−λ)qω
(s
t

)
ds

) 1
q

tλ−1−1/qK(1, t)dt

=

ˆ ∞

0

(ˆ
2k−1t<s≤2kt

|f(s)|qs(1−λ)q+βds

) 1
q

tλ−1− 1
q−

β
q K(1, t)dt.

It should be noticed here that for each t ∈ (0,∞), there exists an integer m such that
2m−1 < t ≤ 2m. Now, set Ak,m =

{
s ∈ (0,∞) : 2k+m−1 < s ≤ 2k+m

}
. It is not hard to

check that {s |2k−1t < s ≤ 2kt} ⊆ Ak−1,m ∪Ak,m. Hence, we have

∥(Tf)χk∥Lq
ω
≤
ˆ ∞

0

(ˆ
Ak−1,m

|f(s)|qs(1−λ)q+βds+

ˆ
Ak,m

|f(s)|qs(1−λ)q+βds

) 1
q

× tλ−1− 1
q−

β
q K(1, t)dt

≤
ˆ ∞

0

(
∥fχk+m−1∥Lq

ω∗ + ∥fχk+m∥Lq
ω∗

)
tλ−1− 1

q−
β
q K(1, t)dt.
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On the other hand, taking into account the definition of the weighted Morrey-Herz
spaces, we obtain

∥Tf∥
MK̇

α,λ1
p,q (ω)

= sup
k0∈Z

2−k0λ1 ·

(
k0∑

k=−∞

2kαp∥(Tf)χk∥pLq
ω

) 1
p

≤ sup
k0∈Z

2−k0λ1

·

(
k0∑

k=−∞

2kαp
(ˆ ∞

0

(∥fχk+m−1∥Lq
ω
+ ∥fχk+m∥Lq

ω
) · tλ−1− 1

q−
β
q K(1, t)dt

)p
) 1

p

.

(2.2)

Now, we have to consider two cases depending on whether 1 ≤ p < ∞ or 0 < p < 1.
Case 1. (1 ≤ p < ∞) Using the Minkowski inequality, we have that

∥Tf∥
MK̇

α,λ1
p,q (ω)

≤ sup
k0∈Z

2−k0λ1

(
k0∑

k=−∞

2kαp
{ˆ ∞

0

(∥fχk+m−1∥Lq
ω
+ ∥fχk+m∥Lq

ω
)tλ−1− 1

q−
β
q K(1, t)dt

}p
) 1

p

≤
ˆ ∞

0

tλ−1− 1
q−

β
q K(1, t) ·

 sup
k0∈Z

2−k0λ1

(
k0∑

k=−∞

2kαp
(
∥fχk+m−1∥Lq

ω
+ ∥fχk+m∥Lq

ω

)p) 1
p

 dt,

and so

sup
k0∈Z

2−k0λ1 ·

(
k0∑

k=−∞

2kαp(∥fχk+m−1∥Lq
ω
+ ∥fχk+m∥Lq

ω
)p

) 1
p

≤ sup
k0∈Z

2−k0λ1

[ k0∑
k=−∞

2kαp∥fχk+m−1∥pLq
ω

] 1
p

+

[
k0∑

k=−∞

2kαp∥fχk+m∥p
Lq

ω

] 1
p


= sup

k0∈Z
2−k0λ1

[2(1−m)αp
k0∑

k=−∞

2(k+m−1)αp∥fχk+m−1∥pLq
ω

] 1
p

+

[
2−mαp

k0∑
k=−∞

2(k+m)αp∥fχk+m∥p
Lq

ω

] 1
p


= 2(1−m)α∥f∥

MK̇
α,λ1
p,q (ω∗)

· 2(m−1)λ1 + 2−mα∥f∥
MK̇

α,λ1
p,q (ω∗)

· 2mλ1

=
(
2(m−1)(λ1−α) + 2m(λ1−α)

)
∥f∥

MK̇
α,λ1
p,q (ω∗)

.

Therefore we get

∥Tf∥
MK̇

α,λ1
p,q (ω)

≤
ˆ ∞

0

(
2(m−1)(λ1−α) + 2m(λ1−α)

)
tλ−1− 1

q−
β
q K(1, t)dt · ∥f∥

MK̇
α,λ1
p,q (ω∗)

≤
(
1 + 2|λ1−α|

)ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt · ∥f∥

MK̇
α,λ1
p,q (ω∗)

.
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Case 2. (0 < p < 1 and λ1 > 0) In this setting, we have that

∥fχk+m−1∥Lq
ω
=
(
2(k+m−1)αp · ∥fχk+m−1∥pLq

ω

) 1
p · 2−(k+m−1)α

≤ 2(λ1−α)(k+m−1) · ∥f∥
MK̇

αλ1
p,q (ω∗)

.

Further, taking into account this relation as well as inequality (2.2), we obtain

∥Tf∥
MK̇

α,λ1
p,q (ω)

≤ sup
k0∈Z

2−k0λ1 ·

[
k0∑

k=−∞

2kαp
(ˆ ∞

0

(2(λ1−α)(k+m−1)∥f∥
MK̇

α,λ1
p,q (ω∗)

+2(λ1−α)(k+m)∥f∥
MK̇

α,λ1
p,q (ω∗)

)tλ−1− 1
q−

β
q K(1, t)dt

)p] 1
p

= sup
k0∈Z

2−k0λ1 ·

[
k0∑

k=−∞

2kαp
(ˆ ∞

0

(2(λ1−α)(k+m−1)

+2(λ1−α)(k+m))tλ−1− 1
q−

β
q K(1, t)dt

)p] 1
p

∥f∥
MK̇

α,λ1
p,q (ω∗)

≤ sup
k0∈Z

2−k0λ1 ·

[
k0∑

k=−∞

2λ1kp

] 1
p

·
(
1 + 2|λ1−α|

)
×
ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt · ∥f∥

MK̇
α,λ1
p,q (ω)

=
2λ1

(2λ1p − 1)
1
p

·
(
1 + 2|λ1−α|

)
×
ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt · ∥f∥

MK̇
α,λ1
p,q (ω)

.

(ii) Now, our intention is to show that the integral
´∞
0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt

converges when operator T is bounded. Hence, suppose that T is bounded from
MK̇α,λ1

p,q (ω∗) to MK̇α,λ1
p,q (ω). Again we have to consider two cases.

Case 1. (1 ≤ p < ∞ and λ1 = 0) Let ε > 0 be a sufficiently small number and let

fε(x) =

{
0, 0 < x ≤ 1

x−α+λ−1− 1
q−

β
q −ε, x > 1

.

Then

∥fελk∥qLq
ω∗

=

ˆ
2k−1<x≤2k

x(−α+λ−1− 1
q−

β
q −ε)q · x(1−λ)q+βdx

=

ˆ
2k−1<x≤2k

x−αq−1−εqdx =

∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣ · 2−k(α+ε)q,

provided that k ≥ 1, while for k ≤ 0 we have that

∥fελk∥qLq
ω∗

= 0.
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Therefore we obtain

∥fε∥K̇α
p,q(ω

∗) =

( ∞∑
k=−∞

2kαp · ∥fλk∥pLq
ω∗

) 1
p

=

( ∞∑
k=1

2kαp · 2−k(α+ε)p ·
∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣
p
q

) 1
p

=

∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣
1
q

·

( ∞∑
k=1

2−kεp

) 1
p

=

∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣
1
q

·
(

1

2εp − 1

) 1
p

.

Now, by a straightforward calculation, we have that

Tfε(x) =

ˆ ∞

0

K(x, y)fε(y)dy =

ˆ ∞

1

K(x, y)y−α+λ−1− 1
q−

β
q −εdy

=

ˆ ∞

1/x

K(x, tx) · (tx)−α+λ−1− 1
q−

β
q −ε · xdt

= x−α− 1
q−

β
q −ε

ˆ ∞

1/x

K(1, t) · t−α+λ−1− 1
q−

β
q −εdt,

and consequently,

∥Tfε∥K̇α
p,q(ω)

=

{ ∞∑
k=−∞

2kαp∥(Tfε)λk∥pLq
ω

} 1
p

=


∞∑

k=−∞

2kαp

(ˆ
Ak

∣∣∣∣∣
ˆ ∞

1/x

K(1, t)t−α+λ−1− 1
q−

β
q −εdt

∣∣∣∣∣
q

x(−α− 1
q−ε)qdx

) p
q


1
p

=


∞∑

k=−∞

2kαp

(ˆ
Ak

∣∣∣∣∣
ˆ ∞

1/x

K(1, t)t−α+λ−1− 1
q−

β
q −εdt

∣∣∣∣∣
q

x−αq−1−εqdx

) p
q


1
p

≥


∞∑
k=1

2kαp

(ˆ
Ak

∣∣∣∣∣
ˆ ∞

1/x

K(1, t)t−α+λ−1− 1
q−

β
q −εdt

∣∣∣∣∣
q

x−αq−1−εqdx

) p
q


1
p

=


∞∑
k=1

2kαp

(ˆ
2k−1<x≤2k

x−αq−1−εq

∣∣∣∣∣
ˆ ∞

1/x

K(1, t)t−α+λ−1− 1
q−

β
q −εdt

∣∣∣∣∣
q

dx

) p
q


1
p

.
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Since ε ∈ (0, 1), there exists a positive integer number l such that 2l−1 ≤ 1
ε < 2l. Thus,

we have

∥Tfε∥K̇α
p,q(ω)

≥

{ ∞∑
k=l+1

2kαp
(ˆ ∞

ε

K(1, t)t−α+λ−1− 1
q−

β
q −εdt

)p

·
(ˆ

2k−1<x≤2k
x−αq−1−εqdx

) p
q

} 1
p

=

ˆ ∞

ε

K(1, t)t−α+λ−1− 1
q−

β
q −εdt ·

{ ∞∑
k=1

2kαp
(∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣ · 2−kαq−kεq

) p
q

} 1
p

=

ˆ ∞

ε

K(1, t)t−α+λ−1− 1
q−

β
q −εdt ·

∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣
1
q

·

( ∞∑
k=l+1

2−kεp

) 1
p

=

ˆ ∞

ε

K(1, t)t−α+λ−1− 1
q−

β
q −εdt ·

∣∣∣∣2(α+ε)q − 1

(α+ ε)q

∣∣∣∣
1
q

·
(

1

2εp − 1

) 1
p

· 1

2lε
,

which means that

∥T∥K̇α
p,q(ω

∗)→K̇α
p,q(ω) ≥

∥Tfε∥K̇α
p,q(ω)

∥fε∥K̇α
p,q(ω

∗)

≥ 2−lε ·
ˆ ∞

ε

K(1, t)t−α+λ−1− 1
q−

β
q −εdt.

Now, by letting ε → 0+, it follows immediately from the Fatou lemma that´∞
0

K(1, t)t−α+λ−1− 1
q−

β
q K(1, t)dt < ∞.

Case 2. (0 < p < ∞ and λ1 > 0) We also take

f0(x) = xλ1−α+λ−1− 1
q−

β
q .

• λ1 ̸= α. Then,

∥f0χk∥qLq
ω∗

=

ˆ
2k−1<x≤2k

x(λ1−α+λ−1− 1
q−

β
q )q · x(1−λ)q+βdx

=

ˆ
2k−1<x≤2k

xλ1q−αq−1dx.

Moreover, it follows that

∥f0∥MK̇
α,λ1
p,q (ω∗)

= sup
k0∈Z

2−k0λ1

(
k0∑

k=−∞

2kαp∥f0χk∥pLq
ω∗

) 1
p

= sup
k0∈Z

2−k0λ1

(
k0∑

k=−∞

2kαp · 2k(λ1−α)p

∣∣∣∣1− 2(α−λ1)q

(λ1 − α)q

∣∣∣∣
p
q

) 1
p

=

∣∣∣∣1− 2(α−λ1)q

(λ1 − α)q

∣∣∣∣
1
q

sup
k0∈Z

2−k0λ1

(
k0∑

k=−∞

2kλ1p

) 1
p

=

∣∣∣∣1− 2(α−λ1)q

(λ1 − α)q

∣∣∣∣
1
q

sup
k0∈Z

2−k0λ1 ·

(
2k0λ1p

1− 1
2λ1p

) 1
p

=

∣∣∣∣1− 2(α−λ1)q

(λ1 − α)q

∣∣∣∣
1
q

· 2λ1

(2λ1p − 1)
1
p

.



BOUNDEDNESS OF SOME HILBERT–TYPE OPERATORS 37

• λ1 = α. Then,

∥f0χk∥qLq
ω∗

=

ˆ
2k−1<x≤2k

x(λ−1− 1
q−

β
q )q · x(1−λ)q+βdx

=

ˆ
2k−1<x≤2k

x−1dx = ln 2,

and we have that

∥f0∥MK̇
α,λ1
p,q (ω∗)

= sup
k0∈Z

2−k0λ1

{
k0∑

k=−∞

2kαp∥f0χk∥pLq
ω∗

} 1
p

= sup
k0∈Z

2−k0λ1

{
k0∑

k=−∞

2kαp · (ln 2)
p
q

} 1
p

= (ln 2)
1
q · sup

k0∈Z
2−k0λ1

{
k0∑

k=−∞

2kαp

} 1
p

= (ln 2)
1
q · sup

k0∈Z
2−k0λ1

{
2k0αp

1− 1
2αp

} 1
p

= (ln 2)
1
q · 2α

(2αp − 1)
1
p

.

Consequently, for all λ1, α, we have

∥Tf0∥MK̇
α,λ1
p,q (ω)

=

ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt · ∥f0∥MK̇

α,λ1
p,q (ω∗)

.

Hence

∥T∥ ≥
∥Tf0∥MK̇

α,λ1
p,q (ω)

∥f0∥MK̇
α,λ1
p,q (ω∗)

=

ˆ ∞

0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt

and so
´∞
0

tλ1−α+λ−1− 1
q−

β
q K(1, t)dt < ∞. The proof is now completed.

Now, our intention is to consider some particular cases of the previous theorem. In
particular, we have necessary and sufficient conditions for T to be bounded on the
Morrey-Herz spaces in the case of λ = 1 and β = 0. More precisely, we have the following
result.

Corollary 2.1. Let α ∈ R, 0 < p < ∞, 1 ≤ q < ∞ and λ1 > 0. Then the Hilbert-
type operator T is bounded from MK̇α,λ1

p,q (R+) to MK̇α,λ1
p,q (R+) if and only if

ˆ ∞

0

tλ1−α− 1
q K(1, t)dt < ∞. (2.3)

In addition, the following inequality holds

∥T∥
MK̇

α,λ1
p,q (R+)−→MK̇

α,λ1
p,q (R+)

≤ C(α, λ1, p)

ˆ ∞

0

tλ1−α− 1
q K(1, t)dt,

where C(α, λ1, p) is defined in the statement of Theorem 1.
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It should be noticed here that the above result is a completion of result of Yee and
Ho [10], with MK̇α,λ1

p,q (R+).
By putting λ1 = 0, our Theorem 1 reduces to the corresponding result from Kuang

(see [5, 7]), with a weaker conditions.

Corollary 2.2. Let α, β ∈ R, λ > 0, 1 ≤ p < ∞, 1 ≤ q < ∞, ω(x) = xβ and
ω∗(x) = x(1−λ)q+β. Then the Hilbert-type operator T is bounded from K̇α

p,q(ω
∗) to

K̇α
p,q(ω) if and only if ˆ ∞

0

t−α+λ−1− 1
q−

β
q K(1, t)dt < ∞.

In addition, the following inequality holds

∥T∥K̇α
p,q(ω

∗)−→K̇α
p,q(ω) ≤

(
1 + 2|α|

)ˆ ∞

0

t−α+λ−1− 1
q−

β
q K(1, t)dt.

Now, by putting α = 0, p = q, λ1 = θ
q , 0 < θ < 1, we obtain the result that corresponds

to central Morrey spaces.

Corollary 2.3. Let β ∈ R, λ > 0, 1 ≤ q < ∞, 0 < θ < 1 and ω(x) = xβ, ω∗(x) =
x(1−λ)q+β. Then the operator T : Ḃq,θ(ω∗) −→ Ḃq,θ(ω) is bounded if and only ifˆ ∞

0

t
θ
q+λ−1− 1

q−
β
q K(1, t)dt < ∞.

In addition, the following inequality holds

∥T∥Ḃq,θ(ω∗)−→Ḃq,θ(ω) ≤
(
1 + 2

θ
q

)ˆ ∞

0

t
θ
q−α+λ−1− 1

q−
β
q K(1, t)dt.

Finally, to conclude the paper, we calculate (2.3) with some particular choices of kernel
functions. The starting point is the kernel K(x, y) = 1

(x+y)λ
. In this case, Theorem 1

yields the following consequence.

Corollary 2.4. Let α, β ∈ R, λ > 0, λ1 > 0, 0 < p < ∞, 1 ≤ q < ∞, ω(x) = xβ

and ω∗(x) = x(1−λ)q+β. Then the Hilbert-type operator Hλ is bounded from MK̇α,λ1
p,q (R+)

to MK̇α,λ1
p,q (R+) if and only if

λ > α− λ1 +
1

q
+

β

q
> 0.

Then,

∥Hλ∥MK̇
α,λ1
p,q (ω∗)−→MK̇

α,λ1
p,q (ω)

≤ C(α, λ1, p) ·B
(
λ1 − α+ λ− 1

q
− β

q
, α− λ1 +

1

q
+

β

q

)
,

where C(α, λ1, p) is defined in the statement of Theorem 1 and B is the usual beta

function defined by B(a, b) =
´ 1
0
ta−1(1− t)b−1dt, a, b > 0.

Further, for the kernel K(x, y) = 1
max{xλ,yλ} , Theorem 1 reads as follows:
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Corollary 2.5. Let α, β ∈ R, λ > 0, λ1 > 0, 0 < p < ∞, 1 ≤ q < ∞, ω(x) = xβ

and ω∗(x) = x(1−λ)q+β. Then the generalized Hardy-Littlewood-Polya operator HLλ is
bounded from MK̇α,λ1

p,q (R+) to MK̇α,λ1
p,q (R+) if and only if

λ > α− λ1 +
1

q
+

β

q
> 0.

Then holds the inequality

∥HLλ∥MK̇
α,λ1
p,q (ω∗)−→MK̇

α,λ1
p,q (ω)

≤ λC(α, λ1, p)(
λ1 − α+ λ− 1

q − β
q

)(
α− λ1 +

1
q + β

q

) ,
where C(α, λ1, p) is defined in the statement of Theorem 1.

Finally, to conclude the paper we consider the kernel K(x, y) = 1
xλE(x, y), E =

{(x, y)|y < x} which defines the Hardy-type operator.

Corollary 2.6. Let α, β ∈ R, 0 < p < ∞, 1 ≤ q < ∞, λ1 > 0, ω(x) = xβ and
ω∗(x) = xβ. Then the Hardy operator H is bounded from MK̇α,λ1

p,q (R+) to MK̇α,λ1
p,q (R+)

if and only if

λ1 − α− 1

q
− β

q
> 0.

Then holds the inequality

∥H∥
MK̇

α,λ1
p,q (ω∗)−→MK̇

α,λ1
p,q (ω)

≤ C(α, λ1, p)

λ1 − α+ 1− 1
q − β

q

,

where C(α, λ1, p) is defined in the statement of Theorem 1.
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