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Boundedness of Some Hilbert—Type Operators on the Weighted
Morrey—Herz Spaces

Tserendorj Batbold, Amarsaikhan Amarbayar, Mario Krnié¢

Abstract. In this paper we establish necessary and sufficient conditions for the
boundedness of a general Hilbert-type operator on the weighted Morrey-Herz spaces,
without imposing conditions on a homogeneous kernel. As an application, some particular
cases are also considered. Our results are compared with some previously known from the
literature.

1. Introduction

Let K : (0,00) x (0,00) — R be a non-negative measurable homogeneous function of
degree —\, A > 0, i.e. K(tx,ty) =t *K(z,y). The Hilbert-type integral operator

Tf(x) = /OOO K(z,y)f(y)dy, = >0,

is one of the most important operators in operator theory and its applications. Actually,
numerous classical integral operators are special cases of operator T', for some particular
choices of kernel K. For example, we have

— the classical Hilbert integral operator

for K(z,y) = -+

T+

y
— the Hardy-Littlewood-Polya operator

HLf(y)/OOO fly)

max{z,y}

for K(x,y) = ———

max

w).
— a generalized Har({ly—ﬁittlewood—Polya operator

HL\f(y) = /000 nmﬁ?{\)y)\}dy,

for K(J;, y) = m
— the classical Hardy operator

Hi@ =1 [ 1w,

2020 Mathematics Subject Classification: 26D15, 47A30.

Key Words and Phrases: Hilbert-type operator, Hardy operator, Hardy-Littlewood-Pélya operator,
Morrey-Herz space.

Received: 2023.03.22; Accepted: 2023.05.20; Published: 2023.08.31.



BOUNDEDNESS OF SOME HILBERT-TYPE OPERATORS 31

for \=1,K(z,y) =27 ' xe(r,y), E={(2v,y) | * <y}.
The sharp bounds for 7" on Lebesgue spaces have been studied by Bényi and Oh [2],
while the corresponding bounds on the weighted Morrey spaces in multidimensional case
have been established by Batbold and Sawano [1]. In 2009, Kuang [5], established the
necessary and sufficient conditions for the Hilbert-type operators to be bounded on the
weighted Herz spaces under the following conditions on the kernel function:
(C1) There exist constants Cy(p), C2(p) > 0, such that

1
/ tAflfl/qK(l,t)dt < Cl(p) (/ t(All/q)PKP(Lt)dt> , for 1<p<
0 0

and

1
P

/ IV R (1, ) dt < Cy(p) (/ t(’\_l_l/q)pr(l,t)dt> , for 0<p<1.
0 0

In addition, few years later, Kuang [7], also gave the necessary condition for the
boundedness of the Hilbert-type operator on a more general weighted Morrey-Herz
spaces, under the following conditions on the kernel function:
(C2) K(1,t) has a compact support on (0, 00).
(C3) A 1B+ K (1,t) is a concave function on (0, c0)
Recently, Yee and Ho [10], established a necessary condition for the boundedness of the
Hilbert-type operator on the Morrey-Herz spaces when A = 1. For some related results
about the boundedness of Hilbert-type and Hardy-type operators on Morrey-Herz spaces
the reader is referred to papers [3]— [7] and [10], as well as to the references cited therein.
Motivated by the above discussed results, our aim in this paper is to establish the
boundedness for the Hilbert-type operator T on the weighted Morrey-Herz spaces
without imposing conditions (C1)-(C3) on a homogeneous kernel. Hence, our results
may be regarded as an extension of the above results. In addition, we will also study
some particular Hilbert-type operators.

2. Main Results

At the beginning of this section we will recall a definition of the weighted Morrey-Herz
spaces.

DEFINITION 1. Let a € R,0<p<00,0<qg<o00,A\1 >0 and let w be a weight
function. The weighted Morrey-Herz space MK;‘,’(;‘(R,W) is defined as the space of all
functions f € LI (R\ {0},w) such that

loc
ko P
—koA j
Il rgegn gy = SR 27500 | D 27l | < oo
: 0

Z -
j=—00

The Morrey-Herz spaces are natural generalizations of the Herz spaces and the central
Morrey spaces. For more details about these spaces and their applications in analysis,
the reader is referred to [8,9]. _

Now, we are ready to state and prove our main result. We write MKg*;‘l(R*,w*) =

oAy () oA (TR _ o, :
MKy M (w*) and MKy (RT,w) = MK (w), for brevity.
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THEOREM 1. Let o, €R,A>0, \; >0, 0<p<oo, 1<¢g<oo, wT) =2P and
w*(z) = 2(1=N9+B_ Then the Hilbert-type operator T is bounded from MK;;I)‘l(w*) to
MKgbAl(w) if and only if

/ oA 0T K (1, 4)dt < oo. (2.1)
0
In addition, then holds the inequality

> o _l_,
”T”ng,’qkl(w*)HMK;:‘q)‘l(w) SC(a7)\1’p)_/0 tAl +A-1-g K(l t)d

where
(1—|—2|)‘1_’3“‘)7 1<p<oo

Cladup) =424 (149h-el) g<p<t
(2M1P—-1)P

Proof. (i) Utilizing the Minkowski inequality as well as the change of variables y = tx,

we have that
/ K(z,y)f(y)dy

I ples = { [
/0 K(z,tx) f(te)xdt

1A
{

|
[ (L |
[ (L ey a) v
<
<

wmdm}é

q

hg\\\

w(:c)dac}

q 7

/Oo cITAK (1, ) f(t)dt

0

w(x)dx}

/ " K(L0f(ta)de qﬁ”‘l‘”qw(x)dm};

k

8
Q=

IN

f(tx)|az—Na (;v)dgc) K(1,t)dt

/ / £ ()75 Nag (f) ds)q P1Va R (1, 4 dt
0 k-1t <5<kt t

1
/ / | (s)]9s1~ ’\)‘Hﬁd) PR (1, )t
0 2k—1t<s <2kt

It should be noticed here that for each ¢ € (0,00), there exists an integer m such that
2m=1 <t < 2™ Now, set Ak, = {s € (0,00) : 2™~ < g <2¥Fm1 Tt is not hard to
check that {s |2F71t < s < 2Kt} C Ap—1,m U Ay m. Hence, we have

o0
(T )Xkl S/ / |f(s)|qs(1_’\)q+5d3+/ 1£(s5)|2s0"Va+B g
0 Ak71,7n A
x AT TR (1, ) dt

o ,,l,,
< [ (Wtematlln, + 1 mlag, ) P75 F K 1L e,
0

Q=

k,m
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On the other hand, taking into account the definition of the weighted Morrey-Herz
spaces, we obtain

ko P
”TfHMK;’qu(w) = Ssup 2_k0/\1 . < Z 2kap|(Tf)Xk|ig>

ko€Z

k=—o0
< sup 27 koM
koeZ
ko oo p P
kap A—1—1_58
2 Xk rmlleg + 1 Xkmllzg) - 2777070 K(1,)dt :
k=—o00 0

(2.2)

Now, we have to consider two cases depending on whether 1 <p < ocor0<p< 1.
Case 1. (1 < p < o0) Using the Minkowski inequality, we have that

HTfHMKg’qu (w)

kO (e’ p
— oY _1_1_8
< sup 27MoM ( > 2 { / (1 Xksm1llzg, + (1 X ksl o )220 qK(Lt)dt} )
0

ko€Z

3 =

k=—o0

o L, B ko P
S/ PTITTT IR (1,t) - | sup 27 RN ( Z 25 (|| fxhm—1ll £a + ka+m||Lg)p> dt,
0

ko€Z k=—o0

and so

k‘g P
sup 2o . ( S 25 (| fppmoallog + ||ka+m||Lg>P>

ko€Z k=—o00

1
P

IN

ko
+ D0 2P el

k=—o0

ko
aup 3o [ S 2 sl

ko€Z k=—o00

[
=

k?o P
= sup 2~ koM [2(1’”)”‘” Z 2(k+m1)ap||ka+m—1I,—igJ]

koEZ k——o0

+

ko P
gomer 3 2<k+m>ap||ka+m||’;g,]

k=—o00

- 2(1_m)a‘|f||MKg‘j;‘1(w*) co(m=1X1 4 2—ma||f||MK;?1(m) . 9mA1

= (D) ) s
p,q

Therefore we get

B

> — — m —Q —1-1_2
||Tf\|ngy,qM(w)§/0 (2(m DAi—a) 4 gm(A ))tx 1-1 qK(lvt)dt'”f”MKﬁ‘q’\l(w*)

< (1+2'A1*a‘)/0 t*l‘““‘l‘é‘gK(l,t)dt||f||MK;;31(W).
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Case 2. (0 < p <1 and A; > 0) In this setting, we have that

1
= <Q(k+m*1)ap . )5 . 9= (k+m-1)a

[fXktm—1llzg, ||ka+m71Hig

< 9i—a)(ktm—1) ”fHMK”*l(w*)'

Further, taking into account this relation as well as inequality (2.2), we obtain

ko S
HTf||MK$),qA1(w) < ksup 9—koA1 [ Z gkap (/ (Q(Al—a)(k+m_1)||f||MK:yﬂqh(m)
0€Z k=—o00 0

Pl
LoCuem )tA—l—i‘gK(l,t)dO }

pqul (w=)
ko o0
= sup 2—k0A1 X Z 2k:ap </ (2(A1—o¢)(k+m—1)
ko€Z e — oo 0

1

418 Pp
o) (ktm)yA=1-] qK(l,t)dt)] 1l a e omy

& 1
0 P
< sup 27 koA, [ Z 2A1kp] . (1 + 2““‘”)

ko€Z k=—o00

X/ a1 =R R (1 ) dt - 1 Ly o
0 pP;q
A
= 2711 . (1 + 2‘>‘1_‘3‘|>
(2MP —1)¥

% M—adA—1_1_£
X/O Hr—ata-1-1 CEL A1l s -

(ii) Now, our intention is to show that the integral [ t’\“““‘*l’%*g[((l,t)dt
converges when operator T is bounded. Hence, suppose that T is bounded from
MK;;;I)‘l(w*) to MKg’q)‘l (w). Again we have to consider two cases.

Case 1. (1 < p < oo and A\; = 0) Let € > 0 be a sufficiently small number and let

0, O0<ax<1
fa(l‘) = {z—a-l-)\—l—;—ﬁ—e’ r>1 :

Q

Then

8
el = / p(matA1-I—Eooa L (-Neks gy
w* Qk_1<x§2k
/ 704(17178qd ‘2(a+5)q -1
= x xr=|—
2k—1< g <k (a+¢€)q

provided that & > 1, while for £ < 0 we have that

‘ . 27k(a+6)q,

IfMl2, =0,
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Therefore we obtain

~ 1
1Fell o ey = ( >, 2’€°‘p~|fAk|§g*>

k=—oc0
olate)g _ 1
‘ (a+e)g

P 1
q>1’

oo
— (Z Qkap . 2—k(a+s)p .

k=1
1

’2(a+s)q -1 ‘:} (i 2_k€p> P
(a+e)q =
1

olate)q _ 1
’ (a+€)q

1
q 1 P
()

Now, by a straightforward calculation, we have that

> > — _1-_1_B8_
Tfs(w):/ K(wvy)fs(y)dy:/ K(z,y)y e dy
0 1
= K(z, tr) - (tz) "o =1757075 . pdt

1/x
o 18

:x*o‘*rrf/ K(1,t) -t 1a—a<qy,
1/z

and consequently,

IT fell kg ()

1

{ > 2’“@p|<TfE>Ak||’zg,}

k=—o0

q

> 2k (/ TR e gy x<—“—3—5)4dm>
Ap

b= — oo 1/x

0o 00 q
:{ S gher < [ waprenosisia x—aq—l—%>
A |V1/x

Qs

k=—o0

LS q q
Z2kap (/ .’anlsqdl')
Ay

k=1

K(1, )t 10
1/z

v

Q

K(1, )t o102 g
1/z

0o
E 2kap / xfocqflfeq
2k =l g <2k

k=1

l]

=

q
d:v)

=

=

Qfs

=
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Since ¢ € (0, 1), there exists a positive integer number [ such that 2!=1 < % < 2!, Thus,
we have

1Tl o

oo o p 2y
> Z okap (/ K(l,t)t_a+>‘_1_<11_§_8dt) . (/ xo‘qlqum>
k=l+1 € 2k—l<gp <2k

00 00 at N
=/ K(1, ) e eg. 3 gkor (‘2(5)"—1 .Q_kaq_ksq)q
e (a+¢€)q

k=1

1 1
0 (at+e)g _ 1 |a ° P
_ / K(1, t)t—oz—&-)\—l—%—g—edt . ! . Z o—kep
e (+e)g

k=l+1

1 1
_ o0 (1 t)t—oé"r)\—l—%—z_fdt . olate)q _ 1 |a . 1 " i
R ’ (a+¢e)q 2ep — 1 ole?

which means that

Q

1=

||Tfa\|z<a

B
1T g oy kg () 2 W

o0
> 2—55-/ K1, ¢t ot 1ma—a—<gs.
1>

*

Now, by letting ¢ — 0+ it follows immediately from the Fatou lemma that
1
Jo Kttt L3 K(1,8)dt < oo.
Case 2 (O < p < ooand A; > 0) We also take
fO(x) _ .’E)\l_a-i—)\_l_%_%.
e )\ # a. Then,

foxellge. = RS R I BPCE VR
L k—1 k
« 2k—1l<x<2

= / R ety /)
2k~ g <2k

Moreover, it follows that

ko ;
follgicams ey = sup 27F0% < 3 2kap||f0Xk||’£q*>

ko€Z b —oo

1
172(04 A1)q % P
_ 27}60)\1 Qkap 2k: (M —a)p
o ( 5 e

ko€EZ k——o0
1— 2(017/\1)11 % ko %
=== | sup2 koM Z okAip
(M —a)g | koez W

Q

1 1

a—A q koA P
_ 1-— 2( 1)q sup 27’%)\1 . 2FkoALp
(M —a)g | koez 1— o5

Q=

1— 2(04—)\1)q q 2)\1

(M —a)g . (2Mp — 1)% '
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e \; = a. Then,

_1_1_8
”fOXkH(iq* = /k ) kxo‘ 1-4—9)a (1 A)q—i—ﬁdx
“ 2k=1<x<2

= / z ldr =1n2,
2k—1<p <2k

and we have that

ko P
”fOHMK;‘;q*l(w*) = sup 27 FoMs { Z 2kap||foXk||zL7q*}

koE€EZ k——o00

;
—koA ko
sup 27 "M 2% . (In2)
ko€Z {k—z:oo
1
ko P
sup 2_’“0/\1{ Z Zkap}

m\'@

= (In2)7 -
ko€Z k=—o00
1
1 okoap ) p
= (In 2); sup 2~ koM { }
ko€Z ]. - QTP
1 2¢
= (In2)7  ——.
(200 — 1)F

Consequently, for all Aq, o, we have

ITholio o = [ O IR0 ol ooy
’ 0

Hence
1T foll yp e >
7| > MR ) / P8 e gy
”fO”MK“ A1(w*) 0
and so [;° phmetA-l-4—0 g K(1,t)dt < co. The proof is now completed. O

Now, our intention is to consider some particular cases of the previous theorem. In
particular, we have necessary and sufficient conditions for 7' to be bounded on the
Morrey-Herz spaces in the case of A = 1 and 8 = 0. More precisely, we have the following
result.

COROLLARY 2.1. Leta€R, 0<p<oo, 1 <q<o0 and Ay > 0. Then the Hilbert-
type operator T is bounded from MK;,;;“ (RT) to MK;’QM(R“‘) if and only if

(o)
/ NI K (1, ) dt < o (2.3)
0
In addition, the following inequality holds
Il s ey — mascs e

gC(a,Al,p)/ Pt KL
0

where C(a, \1,p) is defined in the statement of Theorem 1.
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It should be noticed here that the above result is a completion of result of Yee and
Ho [10], with M KM (RT).

By putting A\; = 0, our Theorem 1 reduces to the corresponding result from Kuang
(see [5,7]), with a weaker conditions.

COROLLARY 2.2. Let a,f€R,A>0, 1<p<oo, 1<qg<oo, w(x)= 2% and
w*(x) = 2(1=N9+B . Then the Hilbert-type operator T is bounded from KJ,(w*) to
Ky (w) if and only if

/ ORI T K (1, Hdt < o
0
In addition, the following inequality holds

||T||ch S — K (W) = (1+2|a‘)/0 gmotA 1_7_7K(1 t)dt.

Now, by puttinga =0,p=¢q, \; = g, 0 < 6 < 1, we obtain the result that corresponds
to central Morrey spaces.

COROLLARY 2.3. Let BERA>0,1<g<00,0<6<1 and w(z)=2°, w*(z) =

7

£(1=Na+B | Then the operator T : B%%(w*) — B%%(w) is bounded if and only if
/ AT R (1, B dt < oo
0
In addition, the following inequality holds

||T||qu(w*)—>B‘19(w) (1"1‘2 )A tf_a"r)\ 1—7—7K(1 t)d

Finally, to conclude the paper, we calculate (2.3) with some particular choices of kernel
functions. The starting point is the kernel K(z,y) = . In this case, Theorem 1

€ + [CEENES
yields the following consequence.

COROLLARY 2.4. Let o, fER,A>0, Ay >0, 0<p<oo, 1<q<o0, wx)=a’
and w*(z) = 2=NB . Then the Hilbert-type operator Hy is bounded from MK;?‘,’q)‘l (RT)
to MK&;;“(R*) if and only if

1
A>a—M+7+é>0
q q
Then,

1 p 1 B
||/H/\||MK;‘;[}1(w*)*)MK;f‘*q"l(w) <C(a,M\,p)- B ()\1 —a+A— i 57a - M+ P + q) )
where C(a, A1,p) is defined in the statement of Theorem 1 and B is the usual beta
function defined by B(a,b) = fo to= (1 —t)*~1dt, a,b > 0.

Further, for the kernel K (x,y) = x> Theorem 1 reads as follows:

max{z*,y
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COROLLARY 2.5. Let o, BER,A>0, A\ >0, 0<p<oo, 1 <q<oo, w)=2a"
and w*(z) = x(lf.)‘)‘”ﬁ. Then the generalized Hardy-Littlewood-Polya operator HL is
bounded from MEKSM (RT) to MKSM (RY) if and only if

1
>\>Oé—>\1+*+é>0.
q g

Then holds the inequality
)\C(O{, )‘1>p)
()\1—014-)\—%—%) (a—)\1+%+§>

where C(a, \1,p) is defined in the statement of Theorem 1.

ML g oy —sarkeg ) =

Finally, to conclude the paper we consider the kernel K(z,y)= iAg(z,y),E =

{(z,y)|y < z} which defines the Hardy-type operator.

COROLLARY 2.6. Let a,f€R, 0<p<oo, 1<qg<oo, \y >0, w(z)=2" and
w*(x) = 28. Then the Hardy operator H is bounded from MK&;;“(R*) to MK&;?“(R*)
if and only if

1
Moa—t-Payg
qa g
Then holds the inequality
HH” C(O[, Al;p)
MK @) —MRp @) = x4 LB’
g q

where C(a, A\1,p) is defined in the statement of Theorem 1.
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