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Rainbow Options with MS—VAR process

Battulga Gankhuu

Abstract. This paper presents pricing and hedging methods for rainbow options
and lookback options under Markov-Switching Vector Autoregressive (MS—VAR) process.
Here we assumed that a regime—switching process is generated by a homogeneous Markov
process. An advantage of our model is it depends on economic variables and simple as
compared with previous existing papers.

1. Introduction

The first option pricing formula dates back to classic papers of [6] and [21]. They
implicitly introduced a risk-neutral valuation method to arbitrage pricing. But it was
not fully developed and appreciated until the works of [17] and [18]. The basic idea of
the risk-neutral valuation method is that discounted price process of an underlying asset
is a martingale under some risk-neutral probability measure. The option price is equal
to an expected value, with respect to the risk-neutral probability measure, of discounted
option payoff. In this paper, to price rainbow options and lookback options, we use the
risk-neutral valuation method in the presence of economic variables.

Sudden and dramatic changes in the financial market and economy are caused by
events such as wars, market panics, or significant changes in government policies. To
model those events, some authors used regime-switching models. The regime-switching
model was introduced by seminal works of [14, 15] (see also books of [16] and [20]) and
the model is hidden Markov model with dependencies, see [29]. Markov regime-switching
models have been introduced before Hamilton (1989), see, for example, [13], [23], and
[28]. The regime—switching model assumes that a discrete unobservable Markov process
generates switches among a finite set of regimes randomly and that each regime is defined
by a particular parameter set. The model is good fit for some financial data and has
become popular in financial modeling including equity options, bond prices, and others.

Economic variables play important role in any economic model. In some existing option
pricing models, the underlying asset price is governed by some stochastic process and
it has not taken into account economic variables such as GDP, inflation, unemployment
rate, and so on. For example, the classical Black-Scholes option pricing model uses a
geometric Brownian motion to capture underlying asset prices. However, the underlying
asset price modeled by geometric Brownian motion is not a realistic assumption when
it comes to option pricing. In reality, for the Black-Scholes model, the price process of
the asset should depend on some economic variables.
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Classic Vector Autoregressive (VAR) process was proposed by [25] who criticize large—
scale macroeconometric models, which are designed to model inter-dependencies of
economic variables. Besides [25], there are some other important works on multiple time
series modeling, see, e.g., [27], where a class of vector autoregressive moving average
models was studied. For the VAR process, a variable in the process is modeled by its
past values and past values of other variables in the process. After the work of [25],
VARs have been used for macroeconomic forecasting and policy analysis. However, if
the number of variables in the system increases or the time lag is chosen high, then too
many parameters need to be estimated. This will reduce the degrees of freedom of the
model and entails a risk of over-parametrization.

Therefore, to reduce the number of parameters in a high-dimensional VAR process,
[8] introduced probability distributions for coefficients that are centered at the desired
restrictions but that have a small and nonzero variance. Those probability distributions
are known as Minnesota prior in Bayesian VAR (BVAR) literature which is widely used
in practice. Due to over—parametrization, the generally accepted result is that forecast of
the BVAR model is better than the VAR model estimated by the frequentist technique.
Research works have shown that BVAR is an appropriate tool for modeling large data
sets, for example, see [2].

In this paper, to partially fill the gaps mentioned above, we introduced a Markov—
Switching VAR (MS-VAR) model to value and hedge the options. Our model offers the
following advantages: (i) it tries to mitigate valuation complexity of previous rainbow
option models with regime-switching (ii) it considers economic variables thus the model
will be more consistent with future economic uncertainty (iii) it introduces regime—
switching so that the model takes into account sudden and dramatic changes in the
economy and financial market (iv) it adopts a Bayesian procedure to deal with over—
parametrization. Novelty of the paper is that we introduced MS-VAR, process which is
widely used to model economic variables to rainbow options and lookback options.

The rest of the paper is structured as follows. In Section 2, we will consider some
results, which include a Theorem used to price and hedge the rainbow options and
lookback options and a log—normal system of economic and financial variables in [4].
The author obtained pricing formulas for some frequently used options under MS—-VAR
process. Section 3 is devoted to pricing the rainbow options and lookback options. Section
4 provides hedging formulas which are based on the locally risk—minimizing strategy for
the options. Finally, Section 5 concludes the study.

2. Review

In this section, we will consider some results in [4]. Let (Q,Hr,P) be a complete
probability space, where P is a given physical or realworld probability measure and
Hr will be defined below. To introduce a regime—switching process, we assume that
{s:}{=; is a homogeneous Markov chain with N state and P := {p;;}};_, is a random
transition probability matrix. We consider a Markov—Switching Vector Autoregressive
(MS-VAR(p)) process of p order, which is given by the following equation

yr = Ao(s)r + Ai1(s)ye—1 + -+ Ap(s)ye—p + &, t=1,...,T, (2.1)

where y: = (Y1, -,Ynt)’ is an (n x 1) random vector, ¥y = (1,924,...,¢%x+)T is a
(k x 1) random vector of exogenous variables, & = (14, ..,&,.¢)T isan (n x 1) Gaussian
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white noise process with zero mean vector and positive definite random covariance
matrix X(s;), Ao(s:) is an (n x k) is an random coefficient matrix at regime s; that
corresponds to the vector of exogenous variables, for i = 1,...,p, A;(s;) are random
(n x n) coefficient matrices at regime s, that correspond to the vectors y;—1,. .., yi—p. In
this paper, we focused homogeneous MS—VAR process and for heteroscedastic MS-VAR,
process, we refer to [4]. Equation (2.1) can be compactly written by

Yt = H(St)thl +€t7 t= 13"'7Ta (22)
where II(s;) := [Ao(se) : A1(s¢) -+ -+ Ap(se)] is random a coefficient matrix at regime s,
which consist of all the coefficient matrices and Y;_1 := (¥, vl 4, ... ,yglp)T is a vector

which consist of exogenous variables ¥; and last p lagged values of the process y;. In the
paper, this form of the MS—VAR process y; will play a major role than the form which
is given by equation (2.1).

Let us introduce stacked vectors and matrices: y := (y1,...,v7), s :=(s1,...,57),
IT:=[II(s1) : --- : H(sp)], and T := [E(s1) -+ : L(s7)]. We also assume that the white
noise process {& )}, is independent of the random coefficient matrices IT and T,
random transition matrix P and regime-switching process {s;};_; conditional on initial
information Fy := (Yo, Y1, . ..,%r). Here for a generic random vector X, o(X) denotes
a o—field generated by X random vector, ¢, ...,1¢ are values of exogenous variables
and they are known at time zero, and for the MS-VAR(p) process, Vo := (y1_,,-- -, %))’
is an initial value vector of the process y; and for the Bayesian MS—VAR(p) process,
Vo = (y’lfpr*, Y0y Wi s> 2p)" s the data, covering the period T before time 1
for the posterior distribution. We further suppose that the transition probability matrix
P is independent of the random coefficient matrices II and I' given initial information
Fo and regime—switching process s.

To ease of notations, for a generic matrix O = [O7 : ---: Or|, we denote its first ¢
and last T'—t block matrices by O; and Of, respectively, that is, Oy := [O1 : -+ : O]
and Of := [O441 : ---: O7]. This notation also holds for vectors. We define ofields:
fort=0,....,T, F,:=FoVo(4), G :=F, Vo) Vo) VoP)Vo(s) and H; := F; V
o(Vol)Va(P)Va(s) and for t =1,...,T, Ty_1 = F;_1 Vo(Il;) Vo(T;) Va(P) V
o(5;), where for generic sigma fields Oy, ..., Ok, VE_ O; is the minimal o—field containing
the o—fields O;,i=1,...,k. Observe that /; C G; C Hyand Z; 1 C Gy fort=1,...,T.
The o-fields play major roles in the paper. For the first—order Markov chain, a conditional
probability that the regime at time ¢ + 1, s¢1 equals some particular value conditional
on the past regimes, s¢,S¢—1,...,81 depends only through the most recent regime at
time t, s;, that is,

Psrsenr = P(sta1 = seq1|se = 54, P, Fo) = P(se41 = 54415 = 5, P, Fo) (2.3)

fort =0,...,T — 1, where ps, := ps,s, = P(s1 = s1|P) is an initial probability.

2.1. Risk Neutral Measure

We assume that for t=1,...,T, Z;_; measurable random vector 6;_;1(s;) € R"
(Girsanov kernel, see [5]) has the following representation

Or—1(st) = Ao(sp)r + Ar(sp)ye—1 + -+ Dp(st)ye—p, t=1,...,T, (2.4)

where Ag(s¢) is an (n x k) random coefficient matrix and A;(s:), 7= 1,...,p are (n X n)
random coefficient matrices, which are measurable with respect to the o—field Z;_;. In
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order to change from the real probability measure P to some risk-neutral probability
measure P, for the random vectors 6;_1(s;), we define the following state price density
process:

Ly | Fo:= H exp{ e 1(sm)2_1(sm)(ym — H(sm)Ym_l)

- 593; 1(3m)2_1(3m)9m1(8m)}

for t =1,...,T. Then it can be shown that {L;}]_, is a martingale with respect to the
filtration {#;}_; and the real probability measure P. So E[Ly|Ho] = E[L1|Ho] = 1.

In order to formulate the following Theorem which is a trigger of option pricing with
MS-VAR process and will be used in the rest of the paper, we define following matrices
and vector:

I, 0o ... 0 0

—A1(82> — Al(SQ) In N 0 0

U(s) := : : : :
0 0o ... I, 0

0 0 e —Al(ST) - Al(ST) In

Y(s) := diag{X(s1),. .., 2(s7)}, a(s) := (a(s1),...,a(sp)T)T, and

(Ao(s1) + Ao(s1))¥1 + (Ar(s1) + Ax(s1))yo + - + (Ap(s1) + Ap(51))y1-p
(Ao(s2) + Do (s2)) P2 + (A2(s2) + Ax(s2))yo + - + (Ap(s2) + Ap(s2))y2—p
i(s) == :
(Ao(sr—1 4+ Ao(s7—1))br—1
(Ao(s7) + Ao(sT))vr
Then, the following Theorem holds.

THEOREM 1. Let a MS-VAR process y; is giwen by equation (2.1) or (2.2), for
t=1,...,T, representation of a random vector 0;_1(s;) which is measurable with respect
to o—field Ty is given by equation (2.4). We define the following new (risk—neutral)
probability measure

P[A]Fo] ;:/ Ly (w|Fo)dPlw|Fo]  for all A € Hr.
A

Let

=[] w0 [0 wam] w0 2070 s0n)

be partitions corresponding to random sub vectors y, and y; of a random vector y =
(yF,...,yF)T. Then the following probability laws hold:

y | Ho ~ N (W(s)710(s), W(s) 7 () ((s) ™)), (2:5)
56 | Mo~ N (053 (55) (52(55) — Wan (50)00), 3 (55) S (55) (935 (50) ), (2.6)

under the risk-neutral probability measure P.
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2.2. Log—normal System

Under MS-VAR framework, [4] introduced foreign-domestic market and obtained
pricing formulas for frequently used options. Because the idea of domestic market can
be used to domestic—foreign market, to simplify the calculation, here we will focus on a
domestic market. We assume that financial variables, which are composed of a domestic
log spot rate and domestic assets, and economic variables are together placed on MS—
VAR process y;. To extract the financial variables from the process y;, we introduce the

following vectors and matrices: e; := (0,...,0,1,0,...,0)T € R™ is a unit vector, that is,
its i-th component is 1 and others are zero, M; := [Inz : Onzxnx], and My := [Onwxnz :
I, ].

Let r; be a domestic spot interest rate. We define 7 := In(1 + r;). Then 7; represents
total log return at time ¢ and we will refer to it as log spot rate. Since the spot interest
rate at time ¢ is known at time (¢t — 1), we can assume that the log spot rate is placed
on the 1st component of the process y;_1. In this case, 7 = elTyt,l. Let n, > 1 and
2t = Myy: be an (n, x 1) vector at time ¢ that include the domestic log spot rate. Since
the first component of the process z; corresponds to the domestic log spot rate, we
assume that other components of the process z; correspond to economic variables that
affect the financial variables. So, the log spot rate is not constant and is explained by
its own and other variables’ lagged values in the VAR system ;.

We further suppose that Z; := In(x;) = May; is an (n, x 1) log price process of the
domestic assets, where x; is an (n, x 1) price process of the domestic assets. This means
log prices of the domestic assets are placed on (n, + 1)-th to (n, + n,)—th components
of the MS—VAR process y;. As a result, the domestic market is given by the following
system:

2z =i (5) Y1+ G
Ty = Io(s¢)Ye1 +
t 2(t)~t1~77t ) X Ct=1....T (2.7)

Dy =exp{—-7T1 —Tg— - =7} = Y iGE—

Fr = ef g1
where D, is a domestic discount process, (; := M;&; and g, := M>&; are residual processes
of the processes z; and &, respectively, II1(s;) := M;1I(s;) and Ta(sy) := MoIl(s;) are
random coeflicient matrices. For the system, D;x; represent a discounted price process of

the domestic assets. If we define a random vector ég,t,l(st) = Mo (ys—1 — (s¢)Yio1) +
in, € y;_1, then it can be shown that

Dizy = (Dt—lxt—l) © exp (77t - é2,t—1(3t))7 (2-8)

where © means the Hadamard product. The random vector 6s; 1(s;) which is
measurable with respect to o-field Z;_; can be represented by

Oa,0-1(se) = Dols)vhe + Ai(s0)ye—r + - + Bp(s0)yi—p, (2.9)
where Ao(st) = —M>Ao(st), Al(st) = Moy (In — Al(st)) +in,el and form =2,...,T,
A (st) := —M3 A, (st). According to equation (2.8), as D12+ is H¢—1 measurable,

in order to the discounted process D;z; is a martingale with respect to the filtration H;
and some risk-neutral probability measure P, we must require that

fE[eXp {7715 - é2,t71(5t)}|7'lt—1] = ln,, (2.10)

where E denotes a expectation under the risk-neutral probability measure P.
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It should be noted that condition (2.10) corresponds only to the white noise process
1:. Thus, we need to impose a condition on the processes (; under the risk-neutral
probability measure. This condition is fulfilled by INE[GXP{Ct}lHtfl} = él,t for Gy
measurable any random variable él,t- Because for any admissible choices of 6 ¢, condition
(2.10) holds, the market is incomplete. But prices of the options, which will be defined
below are still consistent with the absence of arbitrage. For this reason, to price the
options, we will use optimal Girsanov kernel process 6;, which minimizes the variance
of the state price density process and the relative entropy. According to [4], the optimal
Girsanov kernel process is given by

9t:®t(é2’t—a27t), t= 1,...,T,

where O, := [(Zlg(st)zle(st)):’j : Inl}T and gy = %D[Egg(st)]. Here X12(s¢) :=
M %(s;)MT and Bga(s¢) := MaX(s;)MI and D[O] is a vector, whose elements consist
of diagonal elements of a generic square matrix O.

We denote first column of a generic matrix O by (O); and a matrix, which consists of
other columns of the matrix O by (O)$. Then, the representation of the Girsanov kernel
process is

Or = Dot + A1+ + Dpip—p, t=1,...,T,
where (Ag 1)1 = @t((AO,t)l — 0[2715), (Ao)§ = @t(Ao,t)({, and form=1,...,p, Ay =

@tAm’t. As a result, due to Theorem 1, conditional on H;, a distribution of the random
vector i is given by

U= Wi ur)" | He v N (51 (9, 57), Bo2.1)

under a risk-neutral probability measure P, where pug(7,5¢) = oy (55) (02(55) —
W1 (5)7:) and Soo1(5§) := Uoy (55) S0 (55) (¥, (55))T are mean vector and covariance
matrix of the random vector g; given H;, respectively.

Let 7 := (z7,...,22)T be a log of a price vector z := (z7,...,2L). Then in terms
of y, the log of price process is represented by Z = (It ® Ms)y. Now we introduce a
vector that deals with the domestic risk-free spot interest rate: a vector ,,, is defined
by for v > u, 71,1;,1) = [OIX[(u—t)n] :i{—u—l ® 6{ : 01><[(T—1)+1)n}] and for v = Uy Yu,v =
0 € RIT=t" Then observe that for t < u < v,

v
D = Yl fuco) + Vi
m=u+1
According to [12], clever change of probability measure lead to significant reduction in
computational burden of derivative pricing. Therefore, we will consider some probability
measures, originated from the risk-neutral probability measure P. In this and following

sections, we will assume that 0 <t < wu <T. We define the following map defined on
o-field Hr:

P [AlH] = Dl /Duxi,ud]f”[wmt], for all A € Hy.
tLit JA
Because the discounted process D;z; get positive values and for 0 <t <u <T,
E[Dyx.|H:] = Dix; (as it is a martingale with respect to the filtration {#;}~ , and
risk-neutral probability measure I@), the map become probability measure. If we define
Biu =L 1, 01xr—u))" @ en,4i, where @ is the Kronecker product, then it can be shown
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that a conditional distribution of the random vector g is given by
gtc = (y?+17 s 7y%)T | He ~ N(M%,u(gh g;)a 222.1(§§))7

under measure IP’}f ws Where pif (54, 57) := 3 (e, 55) + \112721532(55)6;“ and Yoo 1(8%) are
mean vector and covariance matrix of the random vector yi given Hy.

To price rainbow options and lookback options which will be appear the following
sections we will use the following two Lemmas which are given in [4] and are direct
extension of the results in [3].

LEMMA 1. Fort=0,...,T —1, the following relation holds

T
f(H?F|§§7§t7‘7:O) H psnzflsm,

m= t+1
f(551Ge) =P (57 = 57|G:) = : (2.11)
ZfH I5f, 8¢, Fo) H Psu-15m
m=t+1

where psys, = P(s1 = s1|P, Fo) and ps,,_,s,. = P(Sm = $m|P, Sm—1 = $Sm—1,F0) for
m=t+1,...,T.

If we denote normal distribution function with mean p and covariance matrix € at
event A by N (A4, i, Q), then it follows from Lemma 1 that for all A € Hrp

Py [AIG] = D N (A, 11t (01, 5), Sa2.1(57)) £ (551G).-
Let us denote conditional on a generic o-field F joint density function of a generic

random vector X by f(X|F) under P and let 7, := o(II;) V o(T¢) V 0(5;) V Fo. Then
the following Lemma is true.

LEMMA 2. Conditional on Fy, joint density of I:It, Iy, P, and 5, is given by

yt|‘7t (an F|5t75tﬂf0 H Psm— 1‘3m> Hp‘im 19m “FO)

f(H,F, P7§t|]:t) = metl )

Z/ F(@e| ) fAL T |57, Fo) H s, s f(P|Fo)dIIdT'dP
3 II,I,P —1
(2.12)

fort=1,...,T with convention ps, = Ds,s,, where fort=1,...,T,

Tl ) = coxp{ — 5~ mi(50) " (557 (50) (e — i (50) }

with ¢ : = & )nt/zl—[t 1 el wi(5¢) = U (5,)61(5,) is a mean wvector, and

m=1

51, (5¢) = Ut (5) 211 (50) (W (5:))T is a covariance matriz.

Now we present a Lemma, which is used to calculate expectation of a random variable
D, /D,14 with respect to a generic probability measures.
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LEMMA 3. Let g | He ~ N (1 (e, 57), $22.1(55)) under a generic probability mea-
sure P, Then, for A€ Hr and tV u < v, it holds

~ D’U D u v R v —  —c =C
B |:D1A Ht} B Dtv exp { [aG]tVu(yt’st)}N(A’ [MG]t\/u(yt’st)’ 222-1(525))

where fort <u <wv,
1

273,7)222.1(5?)%,1)

[G‘G]Z(gh §§) = _6{yt1{u:t,v>u} - VivMG(gta 5;) +

and (O] (e, 55) = pC (e, 57) — Sa2.1(55) R -

3. Rainbow Options

Rainbow options are usually calls or puts on the maximum or minimum of underlying
assets. A number of assets is called a number of colors of a rainbow and each asset
is referred to as a color of the rainbow. [26] introduced rainbow options with two
assets. Its extension is given by [19] for rainbow options with more than two assets
using multidimensional normal cumulative distribution functions. In this section, we will
present pricing formulas of call and put options and lookback options on maximum and
minimum of several asset prices which are without default risk. Here we impose weights
on all underlying assets at all time period. Therefore, the options depart from existing
rainbow and lookback options. To price the rainbow options and lookback options, we
reconsider domestic market, which is given by equation (2.7). We define maximum and
minimum of prices of the domestic assets:

M, := nax {M,} and wm:= 121;21‘/{77%}

fort=1,...,T, where

M, = ér%%)fbx{wwmw} and m, = érzlgzz{wzuxzu} (3.1)
with w; ,, is weight at time u of i-th asset. One of choices of the weight vector correspond
to reciprocal of the assets at time 0. In this case, w;x;; = ®;1/®;0 represents total
return at time ¢ of i-th domestic asset. To price the rainbow options and lookback
options, it will be sufficient to consider the following call option on maximum

— 1 - o
i (K) i= - [Dr (M1 — K) |23,

t
where T is a time of the option expiration and K is a strlike price of the option. Let us
denote a discounted contingent claim of the option by H, that is,

F; = DT(MT — K)+

To simplify notations, we define the following random variables: Z; ., 1= w; 4%;, is a
price at time u of w;, unit of i-th asset. Then, for all i =1,...,n, and u=1,...,T,
event {Mr = Z;,} N{M7 > K} (which means Z;, is maximum and the option on
maximum expires in the money) holds if and only if event A;, N B;, holds, where
Bi,u = {Zi,u Z K} and Ai,u = Ai,u,l n Ai,u,Q with

Ai,u,l = {Zz,u > Zl,la ceey Zi,u > an,la ceey Zi,u > Zl,tv ceey Zi,u > an,t}
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and
Ajy2 = {Zi,u > 21y Liu 2 L ttls oo Liu = LU Ty Liu = ZnI,T}~

It is clear that the discounted contingent claim of the call option on maximum can be
represented by
1 ng T
Hp =Y Dr(Zi.—K)lg,,. (3.2)
=1 u=1

where E; ,, := A; ,, N B, 4. Since for 1 <u < t, random variables Z; ,, are known at time
t, the sets A; , 1 and B;,, must be represented by A; .1 = B;. = {0, Q}. Therefore, it
allows us to deduce that

€ {0, A uz2}, if 1<u<t

3.3
=Aiu2N{Ziw>~}, if t<u<T, (3.3)

Ei,u = Ai,u N Bi,u {

where v := max{M,, K}. Because for 1 <u <t, Z;, is known at time ¢ and for i =
Loy na, 151 (Tt 5) = pi (Yt 5¢), due to Lemma 3, one obtain that conditional on #;
price at time ¢ of the option on maximum is given by

o Nge T
C%UT (He, K) = Z Z Wi, uTiunt €XP {[ai,u\/t]g\/t(ytv 59}
i=1 u=1
X N (B us [t il ane (Te, 55), 22,1 (7)) (3.4)
nge T
= K exp {[a81)] (@1, 5) YN (Bivws 157 (G, 55), S22.1 (7)),
i=1 u=1

where for any real numbers a,b € R, a V b = max{a,b} and a A b = min{a, b}. In terms
of the random log price vector z{ the set A; , o is expressed by

Aiuo = {[N/zu-%g < Ei,u} (3.5)

forl<u<tandi=1,...,n,, where Bw = (ln(Zi7u/w1’t+1)7 . ,ln(Zi,u/wnx,T))T and

L;y = I%T,t]nz. Now we consider second line of equation (3.3). To represent the set

Aiu2N1Ziu > ’y} in terms of the log price vector Zf, we define the following matrix
and vector:
It tjngtio1 —Fu—t—1jng+i—1 0
Li,u = 0 —UT—ut1]n,—i I[T—u—i—l]nm—i ’
0 -1 0

and

T
Ww; w; w; w; w;

b, = <ln<l’u>,...,ln< Lt ),111( Lt ),...,ln( Bl ),ln(l’“>) .
’ W1,t4+1 Wi—1,u Wi+1,u Wn,,, T i

For the matrix L;,, its last row corresponds to the event {Zi,u > 'y} and other rows
correspond to the event A; , 2. In this case, we can deduce that

Ao N{Ziw > v} = {Liu@§ < b?u} (3.6)

foru<t<Tand i=1,...,n,. Let us introduce a simple Lemma, which will be used
to price the call option on maximum.
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LEMMA 4. Let g | He ~ N (1 (e, 57), $22.1(55)) under a generic probability mea-
sure PG . Then for all A € REXUT=On=] matrices, it holds

AT | He ~ N (1 (555 A, S22 (55, A))

under the generic probability measure PG, where p© (Ut, 55, A) := A(Ip_; @ M) (g, 55)
and 222_1(§§, A) = A(IT,t X MQ)EQQ.l(gg)(IT,t (2] MQT)AT

Due to equations (3.3), (3.5) and (3.6), we have

G[ j |’H]— Iﬁ)G[L““qct<b“t|7'l]1147“013”, if 1<u<t,
G| Tlt| = @G[Lzu$t<b'7u|7'tt], if t<u<T

under a generic probability measure PS. We assume that weighted price at time wu, of
i.-th asset is maximum value in the history of the weighted prices of all assets up to and
including time ¢, that is, M, = Z;, u. - Let us denote a normal distribution function with
mean g and covariance matrix ¥ at point x by N (z, u, ¥). Then, according to equation
(3.4) and Lemma 4, we can obtain that for given information G;, price at time ¢ of the
call option on maximum is given by

Ny T

COr (G Koy =3 | D0 3 wiwmieexp {[af JT (30, 55)}

5¢ Li=1 u=t+1
X N(b;Y::? [/Ji 'u.]u (ytvstvL ) 222, l(stvL* ))

- KZ Z exp{a21 (Y1, 5¢ } (3.7)

=1 u=t+1

x N (670 (15411 @e 55, Li ), D21 (55, L7 ) | F(51Ge) + Wi .-

*  _T. Yx Y
where Li,u =L;,, bi,u = bi,u and

Wi, =18, ., Z [(wzuxzu - K) exp {[as 1]} (4, 57) }
5%
KN B 0056, B 5. 2, 0) | 65160
with By, v, = {Zi, u. > K}, o = L—,ﬁu*, and Z;j*u = l;l*u We refer to the term
Wi, w. as tail term of the call option on maximum. Therefore, due to Lemmas 1 and 2,

and the tower property of conditional expectation, price at time ¢ of the call option on
maximum with maturity T" and strike price K is obtained by

CTLr (K) = B[ Dr (3 — k)| 7] = E[C: (G0, K. )| 7]

= Z/ CcMr(G,, K,~) f(IL,T, P, 5|F,)dIldl'dP
IL,T,P

Because in similar manner we can price other options using Lemmas 1 and 2, it is
sufficient to price the options for the information G;. Now we list some option pricing
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formulas given G;, which are originated from above formula (3.7) corresponding to the
call option on maximum of the domestic asset prices.

1. Let weighted price at time u, of i,-th asset be a maximum value in the history of
the weighted prices of all assets up and including to time ¢. Then, conditional on
information G; price at time t of the call option on maximum with strike price K
and expiration time 7" is given by

7 L -
O (G K) o= B[ Dr(Mr — K) " | G = CllE (G K. ),

* J—
ey U

where input parameters of equation (3.7) are By, . = {Zi, v, > K}, L
Lio s U5, o, = by Ly = Liy and 0)7, = b], with v = M, V K.

2. Let weighted price at time wu, of i,-th asset be a maximum value in the history of
the weighted prices of all assets up to and including time ¢. Then, conditional on
information G; price at time ¢ of a put option on maximum with strike price K and

expiration time 7' is given by

PR (G K) i= B[ Dr (K~ 71) " | 6]

Dy
M (G K K) — CME (G K M) + Wi, if My < K,
0 if M, > K,
where input parameters of equation (3.7) are B, ., = {Zi, v, < K}, Ez*u =
Livuss Uf, o, = bivuss Ly = L, D =0, and b7 = b

3. Let weighted price at time wu, of 7.-th asset is minimum value in the history of
the weighted prices of all assets up to and including time ¢. Then, conditional on
information G; price at time ¢ of a call option on minimum with strike price K and
expiration time T is given by

CI (G, K) == DitE{DT(mT _ K)+ ‘ Qt]

MG, Kmy) - CMT (G K K) + Wi, . i my > K,
0 if m <K,

* —
Ty U

where input parameters of equation (3.7) are By, u, = {Zi, v, > K}, L
_Ei*7u*7 E:*,u* = _Bi*,uw L:,u =—Lju, sz,{zf = _bfu and b?;* = —bTJ

4. Let weighted price at time u, of i,-th asset is minimum value in the history of
the weighted prices of all assets up to and including time ¢. Then, conditional on
information G, price at time ¢ of a put option on minimum with strike price K and

expiration time T is given by
_ 1 - L
Py (G, K) = H]E[DT(K*WT)Jr ’ Qt} = C%T(gt,K,’Y)v
t

* —
Ty U

where input parameters of equation (3.7) are By, ., = {Zi, ., <K}, L

—Li. s UF . = =bis s Ly = —Liw, and b)), = =b] , with v =, A K.
5. According to above formula for the call option on maximum, conditional on

information G, price at time t of a lookback call option with expiration time T

is given by

1 - . _ _
LEw(G) = 5B [Dr(Mr = Mr) | 6] = €l (6.0) ~ Ol (60.0)
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where for i = 1,...,ng, W; 7 := w; v and rest of the components of a vector w are
Zero.

6. According to above formula for the call option on minimum, conditional on
information G; price at time t of a lookback put option with expiration time T
is given by

LE(G0) = B[ Dr(mr — mr) | 61] = T2 (61,0) = €T (61,0),

where i =1,...,n,, W; 7 := w; 7 and rest of the components of a vector w are zero.

It should be noted that if we know distribution of a random vector vec(II,T', P, 3;)
conditional on F%, then one can price options by Monte—Carlo simulation methods. Let
us illustrate an option pricing method using Monte—Carlo methods for the call option on
maximum. To price the option by Monte—Carlo methods, first, we generate a sufficiently
large number of random realizations V;, := (IL,, ¥,, P, 5¢) from f(IL, 3, P, 5| ;). Then
we substitute them into the price formula of call option on maximum, C’%UT (G, K)
obtain a large number of C%T (Vix)s. Finally, we average C%UT(W*)S. By the law

of large numbers, the average converges to theoretical option price C’t]y {UT(K ). This
simulation method is better than a simulation method which is based on realizations
from f(yf,II, T, P, s;|F:), because the former one has lower variance than the last one.

To make statistical inference about the parameter vector conditional on the informa-
tion JF;, one may use the Gibbs sampling method, which generates a dependent sequence
of parameters. In the Bayesian statistics, the Gibbs sampling is often used when the
joint distribution is not known explicitly or is difficult to sample from directly, but the
conditional distribution of each variable is known and is easy to sample from. Very
simple explanation of the Gibbs sampling can be found in [7], which is mainly focused
on marginal distribution. Monte—Carlo methods using the Gibbs sampling of MS-VAR
process are proposed by authors. In particular, Gibbs sampling method of MS-AR(p)
process is provided by [1] and its multidimensional extension is given by [20].

Note that using the idea in [4] one can obtain similar pricing formulas that correspond
to rainbow options and lookback options of foreign asset prices and foreign currencies.

4. Locally Risk-Minimizing Strategy

[11] introduced the concept of mean—self-financing and extended the concept of
complete market into incomplete market. If a discounted cumulative cost process is a
martingale, then a portfolio plan is called mean-self-financing. In discrete time case, [10]
developed a locally risk-minimizing strategy and obtained a recurrence formula for
optimal strategy. According to [24] (see also [9]), under a martingale probability measure
the locally risk-minimizing strategy and remaining conditional risk-minimizing strategy
are same. In this section, we will consider the locally risk-minimizing strategy for the
call option on maximum. In an insurance industry, for continuous time unit-linked term
life and pure endowment insurances with guarantee, locally risk-minimizing strategies
are obtained by [22].

To simplify notations we define: for t=1,...,7, X;:= (X14,...,Xn, 1) is a
discounted price vector at time ¢ and AX, := X, — X,_; is a difference vector at time
t of the price vectors, where Yi,u = Dyx;, is a discounted price at time u of i-th
asset. Note that AX; is a martingale difference with respect to the filtration {H;}Z_,
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and risk-neutral measure P. Following the idea in [9] and [10], one can obtain that for
the filtration {7;}{_, and a generic discounted contingent claim Hr, under risk-neutral
measure P locally risk-minimizing strategy (h°, h) is given by the following equations:

hepr = QA and by = Vi — b Xen (4.1)

fort = 0 - ]. Where Qt+1 = ]E[AXt+1AXt+1|ft:| At+1 = COVI:AXt+1, HT|ft:|
and Vt+1 = IEJ[H T|]-'t+1] for a square integrable random variable H . It should be noted
that since all the options are originated from the call option on maximum of several asset
prices, it will be sufficient to consider locally risk-minimizing strategies that correspond
to the call option on maximum. Because the difference of discounted price process AX
is a martingale difference with respect to the risk-neutral probability measure P and
filtration {H;},, it follows that

A1 = E[HrX 1| F) - Vi Xe. (4.2)

For product of discounted price at time w of i-th asset and discounted price at time s of
j-th asset, it can be shown that for 7,5 =1,...,n,; and t < u,v,

uAv
]Erz quv|Ht] = ti]teXp{BtuZZ St Btv} thX]teXp{ Z Jij,m(sm)}y

m=t+1
(4.3)
where 0ijm(sm) is (i,7)-th element of the random matrix at regime s, ¥y (sm).
Therefore, as X; is a martingale with respect to filtration {#;}Z_, and risk-neutral
measure P, equation (4.3) allows us to conclude that for i, j = 1,...,ng, (i, 7)-th element
of the random matrix ;41 is given by
zt} - 1).

(4.4)
Due to equation (4.3), as Yi’hyj-,t > 0, one can define the following new probability
measure:

N
Wijt+1 = E[Ayi,t-&-lAYj,t-i-ﬂIt] =X X+ (E[ Z exp {Gij141(5t41) } Psiia

stp1=1

exp{ 5 INES ﬁt .
P, AR = TR
it g,

} / XX, Blwl#), for all A€ Ho

It can be shown that conditional distribution of random vector g5 given H; is given by
i | He o N (Wi (56,56, Zo2 (55) )

under probability measure Pt J.0» Where M?,ﬂ,v@t’ 5¢) 1= g1 (e, ) + Wy So(55) (Bi ., +
Bt »)- In order to obtain locally risk-minimizing strategies that correspond to the call
option on maximum, we need to calculate conditional expectations that have forms
E[DrXola|He], B[X; 0 X jola|Hs] and E[Dr/DyX; X j o 1a|Hy] for a generic set A €
Hr. It follows from the domestic and above probability measures and Lemma 3 that for
t<u,v,

E[DuX 014 = DX jp exp {[a] )& (G2, 58) YN (A, (1] )8 (Fe, 55), D22.1(55)),  (4.5)
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and

uNv

E(Dr /DX, X ;01 Hy] = tiJtexp{ 3 aij,m<sm>+[at’av1u<yt,s§>}
m=t+1

< N (A, [, 8 (e, 55), S22 (55)). (4.6)

In terms of the discounted price process X 1, the discounted contingent claim of the call
option on maximum, Hr, which is given by equation (3.2) can be represented by

ng t ng T
= Z Z DT(wi,uxi,u - K)lElu + Z Z DT/Duwi,uyi,ulEi,u

i=1 u=1 i=1 u=t+1
Ny T
- K> Y Drig,,.
i=1 u=t+1

To obtain As;1 corresponding to the call option on maximum, we define R;;11(G:) :=
]ETTXJ t+1|G¢]. Then, equations (4.5)-(4.6) and Lemma 1 allow us to conclude that
the expectation is given by the following equations:

Rj141(G:) = Z {(’wluﬂhu — K)Dy Xy exp {[a] )] (50, 55) }

X N( R T [/u't t+1] (yt, staL’L* u*) E22 1<_C Li*,u ))1371*,“,*

+Z Z Wi,y 1thteXp{o—Ut+l 5t+1 +[atut+1} (ytast)}
=1 u=t+1

X N(b’vyuﬂ [lj‘t u t+1] (yta Stu L ) E22 1(557 Lz,u))

_KZ Z DX JteXp{att+1 (5e,5) } (4.7

i=1 u=t+1
X N( PRR [:ut t+1} (yt75f7L )7222.1(’§§ﬂLi,u)) f(gﬂgt)

To simplify notations, let us introduce the following vector:

Rt+1(gt) = (Rl,t+1(gt)7 <. 7an,t+1(gt))T-

Therefore, due to equations (4.2) and (4.7) one can obtain that for the call option on
maximum, we have

A1 = E[Hr X 41| F) - E[Hr|F] X = E[Res1(Go) | Fe] —

M —
where Ct,wT (K) = DtC%UT(K). As a result, if we substitute equations (4.4) and (4.8)
into equation (4.1), we can obtain the locally risk-minimizing strategy for the call option
on maximum of several asset prices.

X, (48)

5. Conclusion

Economic variables play important roles in any economic model, and sudden and
dramatic changes exist in the financial market and economy. Therefore, in the paper,
we introduced the MS-VAR process and obtained pricing and hedging formulas for the
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rainbow options and lookback options on maximum and minimum of several asset prices
using the risk—neutral valuation method and locally risk—minimizing strategy.

It should be noted that the random MS—VAR process contains a simple VAR process,
vector error correction model (VECM), BVAR, and MS-VAR process. To use our model,
which is based on the MS—VAR process, as mentioned before one can use Monte—Carlo
methods, see [20]. For the simple MS-VAR process, maximum likelihood methods are
provided by [14-16] and [20] and for large BVAR process, we refer to [2]. To summarize,
the main advantages of the paper are

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

because we consider VAR, process, the spot rate is not constant and is explained by
its own and other variables’ lagged values,

it introduced economic variables, regime—switching, and heteroscedasticity to the
options,

it introduced the random MS-VAR process for valuation of the options, so the
model will overcome over—parametrization,

valuation and hedging of the options is not complicated,

and the model contains simple VAR, VECM, BVAR, and MS-VAR processes.
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