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Abstract. In his series of papers Okamoto give detailed explanation of Painlevé

equations of types 2-6. On the other hand Kajiwara et.al described Bäcklund

transformations for these types of Painlevé equations. Later, Bobenko and Eitner

found that Painlevé equations of types 6 and 5 give rise Bonnet surfaces and

vise-versa. In this research we study properties of Bäcklund transformations of

6th Painlevé equations P6 and determine explicit formula of such transformations

which give a new Bonnet surfaces.
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1 Introduction

Consider an algebraic differential equation of order n

F

(
t, y,

dy
dt

, . . .
dny

dtn

)
(1)

where F (t, y0, . . . , yn) is a polynomial in y0, . . . , yn and holomorphic in t ∈ U for

some domain U ⊂ C.

Let y(t) = y(t, c) be a solution of (1) with an initial condition

diy

dti
(t0) = ci, i = 0, . . . , n− 1 (2)

where t0 ∈ U and c = (c0, . . . cn−1) ∈ Cn are initial data.

First we define a Painlevé property for differential equations.

Definition 1. A differential equation of form (2) have the Painlevé property if it’s moveable
singularities are only poles.

This means that poles are only singularities of the solutions of (2) which change their

position when initial data c ∈ Cn vary.

The case when the equation (1) is non-linear is most challenging one and the reason

is related with singular points.

The French mathematician P.Painlevé and later his students studied the problem of

classifying such types of nonlinear differential equations of second order with Painlevé
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properties. They studied six types of Painlevé equations and their solutions are called

Painlevé transcendents. Here we give detailed list of Painlevé equations.

P1 :y′′ = 6y2 + t

P2 :y′′ = 2y3 + ty + α

P3 :y′′ =
1

y
(y′)2 − 1

t
y′ +

1

t
(αy2 + β) + γy3 +

δ

y

P4 :y′′ =
1

2y
(y′)2 +

3

2
y3 + 4ty2 + 2(t2 − α)y +

β

y

P5 :y′′ =
(

1

2y
+

1

y − 1

)
(y′)2 − 1

t
y′ +

(y − 1)2

t2

·
(
αy +

β

t

)
+

γ

t
y + δ

y(y + 1)

y − 1

P6 :y′′ =
1

2

(
1

y
+

1

y − 1
+

1

y − t

)
(y′)2

−
(
1

t
+

1

t− 1
+

1

y − t

)
y′

+
y(y − 1)(y − t)

t2(t− 1)2

(
α+ β

t

y2
+ γ

t− 1

(y − 1)2

+δ
t(t− 1)

(y − t)2

)

For all of these cases α, β, γ and δ are complex numbers.

In his series of papers [5]- [8], Okamoto gave detailed description of Painlevé

equations.

Definition 2. Let F be a smooth surface in R3 with non-constant mean curvature. The
surface F is called Bonnet surface, if there exists a one-parameter family of surfaces

Fτ , τ � (−ε, ε) > 0, F0 = F

of non trivial isometric deformations preserving the mean curvature function. The family
(Fτ )τ�(−ε,ε) is called Bonnet family.

The solutions of Painlevé equations of types PV I , PV and PIII gives Bonnet surfaces

of so called types A, B and C, respectively ( [1]).

For this reason, the study of properties of solutions of Painlevé equations specially

the cases of PV I , PV and PIII is very important in the theory of Bonnet surfaces.

Roughly speaking, a Bäcklund transformation of Painlevé equations are those which

transforms solutions of a certain Painlevé equation with given parameters to a new

solution with different parameters.

However, the Bäcklund transformations for Painlevé equations are defined it is

complicated for further use and calculations. Moreover construction of Bonnet surfaces

from solutions of Painlevé equations of PV I , PV and PIII is still hard problem. The
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aim of this paper is to study properties of Bäcklund transformations which will help to

simplify further calculations for the case of PV I . Moreover we define explicit Bäcklund

transformations which give Bonnet surfaces.

2 Sixth Painlevé equations and their Bäcklund transformations

For the sixth Painlevé equation P6 we take Hamiltonian

H =
1

t(t− 1)

[
q(q − 1)(q − t)p2 − [κ0(q − 1)(q − t)

+ κ1q(q − t) + (θ − 1)q(q − 1)]p

+ κ(q − t)
]
,

where

α =
1

2
κ∞, β = −1

2
κ2
0, γ =

1

2
κ2
1, δ =

1

2
(1− θ2),

κ =
1

4
(κ2

0 + κ2
1 + θ − 1)2 − 1

2
κ∞,

then we have a Hamiltonian system

dq

dt
=

∂H

∂p
,
dp

dt
= −∂H

∂q
.

As we stated before, the Bäcklund transformation of Painlevé equations PV I transforms

solutions of a equation with given parameters to a solution of a new PV I equation with

different parameters.

In [3] and [2], it given Bäcklund transformations of Painlevé equation PV I . Usually,

the Painlevé equations (except for PI) admit two classes of classical solutions. One

and rather simple one are algebraic or rational solutions. The another one is a class of

classical transcendental solutions expressed in terms of special functions of hypergeometric

type. For the case of PV I all the classes are well studied in [5], [3] and [2].

For example, Okamoto gave the examples of rational solutions of PV I are given in

as follows( [5])

(qm, pm) =

(
m+ 1

t+m
,

t+m

t+m+ 1

)
.

We set

α0 = θ, α1 = k∞, α3 = k1, α4 = k0

and

α0 + α1 + 2α2 + α3 + α4 = 1.

For simplicity of notation we define maps si, i = 0, ..., 4

si(αj) = αj − aijαi, j = 0, ..., 4, (3)
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α0 α1 α2 α3 α4 f4 f2

s0 −α0 α1 α2 + α0 α3 α4 f4 f2 − α0

f0
s1 α0 −α1 α2 + α1 α3 α4 f4 f2

s2 α0 + α2 α1 + α2 −α2 α3 + α2 α4 + α2 f4 +
α2

f2
f2

s3 α0 α1 α2 + α3 −α3 α4 f4 f2 − α3

f3
s4 α0 α1 α2 + α4 α3 −α4 f4 f2 − α4

f4

s5 α1 α0 α2 α4 α3 t
f3
f0

−f0(f2f0 + α2)

t(t− 1)

s6 α3 α4 α2 α0 α1
t

f4
−f4(f4f2 + α2)

t

s7 α4 α3 α2 α1 α0
f0
f3

f3(f3f2 + α2)

t− 1

where the matrix A = (aij) , i, j = 0, ..., 4 is defined as follows.

A =

⎛
⎜⎜⎜⎜⎝

2 0 −1 0 0
0 2 −1 0 0
−1 −1 2 −1 −1
0 0 −1 2 0
0 0 −1 0 2

⎞
⎟⎟⎟⎟⎠ .

Please refer the following table for transformations for coefficients and variables of

PV I ( [2] and [3]).

where

f0 = q − t, f3 = q − 1, f4 = q4, and f2 = p.

3 Properties of the Bäcklund transformations

Let si, i = 0, ..., 4 be fundamental Bäcklund transformations of PV I as defined in (3). A

discrete group W =< s0, s1, . . . , s4 > is an affine Weyl group of a root system D4 and

we can define an extended affine Weyl group by W̃ =< s0, . . . , s7 >. The extended

affine Weyl group acts on Painlevé equations P6 and these are Bäcklund transformations

for P6. In [3], Masuda determined folowing Bäcklund transformations and studied their

certain properties of actions for tau-functions:

T13 = s1s2s0s4s2s1s7, T40 = s4s2s1s3s2s4s7,
T34 = s3s2s0s1s2s3s5, T14 = s1s4s2s0s3s2s6,

(4)

These transformations act on αi, i = 0, . . . , 4 as:

T13(α0, α1, α2, α3, α4) =(α0, α1, α2, α3, α4) + (0, 1, 0,−1, 0)

T40(α0, α1, α2, α3, α4) =(α0, α1, α2, α3, α4) + (−1, 0, 0, 0, 1)

T34(α0, α1, α2, α3, α4) =(α0, α1, α2, α3, α4) + (0, 0, 0, 1,−1)

T14(α0, α1, α2, α3, α4) =(α0, α1, α2, α3, α4) + (0, 1,−1, 0, 1)
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We refer [4] for the case of P2 and P4.

In this section we derive some properties of these transformations.

First we check conditions for

(sjsi)
� = 1,

that is

sj(si(...(sj(si(αk)))...)) = αk.

We simplify sisj(αk) for 0 ≤ k, j, i ≤ 4.

By virtue of the definition (3),

sj(si(αk)) =sj(αk − aikαi)

=αk − ajkαj − aik(αi − ajiαj)

and

(sjsi)
2(αk) =sj(si(αk − ajkαj − aik(αi − ajiαj)))

=sj(αk − aikαi − ajk(αj − aijαi)− aik(−αi)

+ aikaji(αj − aijαi))

=αk − ajkαj − aik(αi − ajiαj)− ajk(−αj)

+ ajkaij(αi − aijαj) + aik(αi − aijαj)

− aikajiαj − aikajiaij(αi − aijαj)

=αk + (−ajka
2
ij − aikaji + aika

3
ij)αj

+ (ajkaij − aika
2
ij)αi.

Hence

(sjsi)
2(αk) = αk

only when

−ajka
2
ij − aikaji + aika

3
ij = 0 and

ajkaij − aika
2
ij = 0.

(5)

We can check that the conditions (5) hold for all 0 ≤ i, j ≤ 4 with

(i, j) �= (0, 2), (1, 2), (2, 3), and (2, 4).

We also can check that

(s0s2)
3 = 1, (s1s2)

3 = 1, (s2s3)
3 = 1, and (s2s4)

3 = 1. (6)

Now we formulate our main result as follows.

Proposition 1. For fundamental Bäcklund transformations for Painlevé equations P6

the following relations hold.
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1. s2i = 1 for all i = 0, . . . , 7.

2. (sisj)
2 = 1 for all 0 ≤ i, j ≤ 4, except (i, j) �= (0, 2), (1, 2), (2, 3), and (2, 4).

3. (s0s2)
3 = (s1s2)

3 = (s2s4)
3 = 1.

4. For j = 5, 6, 7, (sisj)
4 = 1 for i �= 2 and (s2sj)

2 = 1.

We note here that since s2i = 1, i = 0, . . . 7, we have (sisj)
k = (sjsi)

k, for all

i, j = 0, . . . 7.

In [1], it considered following Painlevé equation:

y′′ =
1

2

(
1

y
+

1

y − 1
+

1

y − t

)
(y′)2

−
(
1

t
+

1

t− 1
+

1

y − t

)
y′

+
y(y − 1)(y − t)

t2(t− 1)2

(
θ2

2

t− 1

(y − 1)2

−θ(θ + 2)

2

t(t− 1)

(y − t)2

)
(7)

and showed that the solutions of this equations give Bonnet surface of types A.

This is Painlevé equation of type PV I where

α = 0, β = 0, γ =
θ2

2
and δ = −θ(θ + 2)

2
. (8)

Similarly, they also showed that solutions of Painlevé equations of types PV and PIII

give Bonnet surfaces of types B and C.

Now let us take composites of Bäcklund transformations defined in (9) for equations

defined in (7).

First, note that using Proposition 1 we can define

T−1
13 = s7s1s2s4s0s2s1, T

−1
40 = s7s4s2s3s1s2s4,

T−1
34 = s5s3s2s1s0s2s3, T−1

14 = s6s2s3s0s2s4s1
(9)

and consider the composite

T = Tn
14T

m
34T

�
40T

k
13. (10)

Then, the general formula for this transformation can be given as

T (α0, α1, α2, α3, α4) =(α0, α1, α2, α3, α4)

+ (−�, k + n,−n,m− k, �−m+ n).

The transformation T will act on the equation (7) as follows

T (−2− r − r, 1 + r, 1, 0) =(−2− r,−r, 1 + r, 1, 0)

+ (−�, k + n,−n,m− k, �−m+ n).
(11)
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If we assume that the solutions of equations derived from the transformation (11)

also give a Bonnet surface, the conditions (8) give us

−r + k + n = 0

�−m+ n = 0

1

2
(1 +m− k)2 =

1

2
θ
2

1

2
(1− (−2− r − �)2) =

1

2
θ(θ + 2)

(12)

From first two identities, we deduce

�+ r = m+ k

and using this into last two identities we have

θ = ±(1 +m− k)

(1 +m− k)2 + 2θ = −(1 +m+ k)(3 +m+ k).

We look the cases θ = 1 +m− k and θ = −(1 +m− k) separately.

3.1 The case θ = 1 + m − k

It will lead to the condition k2+m2+4m+3 = 0 which is true only when −3 ≤ m ≤ 1.
This equation has following solutions (m, k) in Z :

(−1, 0), (−2,±1), and (−3, 0).

Using these we can find quintuples (r, n,m, �, k) which satisfy (12) expressed in n
as follows:

(n, n,−1,−n− 1, 0)

(n, n,−3,−n− 3, 0)

(n± 1, n,−2,−n− 2,±1)

3.2 The case θ = −(1 + m − k)

It will lead to the condition k2+k+(1+m)2 = 0 which is true only when −1 ≤ k ≤ 0.
This equation has following solutions (m, k) in Z :

(−1, 0) and (−1,−1).

Using these we can find quintuples (r, n,m, �, k) which satisfy (12) expressed in n
as follows:

(n, n,−1,−n− 1, 0)

(n− 1, n,−1,−n− 1,−1)

We sum up all the cases with the following Proposition.
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Proposition 2. Painlevé equations (7) transformed by following Bäcklund transformations
and solutions of a new equations give Bonnet surfaces:

T = Tn
14T

−1
34 T−n−1

40 T 0
13

T = Tn
14T

−3
34 T−n−3

40 T 0
13

T = Tn
14T

−2
34 T−n−2

40 T 1
13

T = Tn
14T

−2
34 T−n−2

40 T−1
13

T = Tn
14T

−2
34 T−n−2

40 T 1
13

T = Tn
14T

−2
34 T−n−2

40 T−1
13

(13)

4 Conclusion

Finding an explicit form of images of solutions of the Painlevé equations which give a

rise to Bonnet surfaces by Bäcklund transformations given by the formula in (13) is a

difficult problem since it expressed in tau functions. Simple examples of such solutions

including rational ones and their images by the Bäcklund transformations will be very

useful to understand the whole picture. This will be a topic of our future studies.
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