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Abstract. In his series of papers Okamoto give detailed explanation of Painlevé
equations of types 2-6. On the other hand Kajiwara et.al described Bicklund
transformations for these types of Painlevé equations. Later, Bobenko and Eitner
found that Painlevé equations of types 6 and 5 give rise Bonnet surfaces and
vise-versa. In this research we study properties of Bécklund transformations of
6th Painlevé equations Ps and determine explicit formula of such transformations
which give a new Bonnet surfaces.
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1 Introduction

Consider an algebraic differential equation of order n

dy 4"y !
F<t,y,dt>~-~dtn> (1)

where F'(t,yo,...,Yn) is a polynomial in yo, ..., y, and holomorphic in ¢t € U for
some domain U C C.
Let y(t) = y(t, ¢) be a solution of (1) with an initial condition

d'y
dt?

where ty € U and ¢ = (co, . ..c,—1) € C™ are initial data.
First we define a Painlevé property for differential equations.

(tg):ci,z':o,...,n—l (2)

Definition 1. A differential equation of form (2) have the Painlevé property if it’s moveable
singularities are only poles.

This means that poles are only singularities of the solutions of (2) which change their
position when initial data c € C" vary.

The case when the equation (1) is non-linear is most challenging one and the reason
is related with singular points.

The French mathematician P.Painlevé and later his students studied the problem of
classifying such types of nonlinear differential equations of second order with Painlevé

Received: 20 Oct. 2023; Revised: 01 Dec. 2023; Accepted: 24 Dec. 2023.



Amarzaya A., Davaadorj B.

properties. They studied six types of Painlevé equations and their solutions are called
Painlevé transcendents. Here we give detailed list of Painlevé equations.

Py =6y° +t

Py =22 +ty+a
1 1 1 0

P = = n2 _ =,/ - 2 3 e

5 1Y y(y) Y (ay - B) vy +y
1

3
Py = @(y’)Q + oY+ Y+ 2t — )y +

1 1 1 —1)2
Ps oy’ = <2y+y—1> (y/)2_,y/+M

< |

2(t —1)2

Ht—1)
oy t>2>

For all of these cases «, 3, and § are complex numbers.
In his series of papers [5]- [8], Okamoto gave detailed description of Painlevé
equations.

Definition 2. Let F' be a smooth surface in R? with non-constant mean curvature. The
surface F' is called Bonnet surface, if there exists a one-parameter family of surfaces

Fr,75 (—€,e)>0,Fp =F

of non trivial isometric deformations preserving the mean curvature function. The family
(Fr)r5(—c,e) is called Bonnet family.

The solutions of Painlevé equations of types Py, Py and Py gives Bonnet surfaces
of so called types A, B and C, respectively ( [1]).

For this reason, the study of properties of solutions of Painlevé equations specially
the cases of Py 7, Py and Pry is very important in the theory of Bonnet surfaces.

Roughly speaking, a Bicklund transformation of Painlevé equations are those which
transforms solutions of a certain Painlevé equation with given parameters to a new
solution with different parameters.

However, the Bicklund transformations for Painlevé equations are defined it is
complicated for further use and calculations. Moreover construction of Bonnet surfaces
from solutions of Painlevé equations of Py, Py and Pyjy is still hard problem. The
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aim of this paper is to study properties of Bicklund transformations which will help to
simplify further calculations for the case of Py ;. Moreover we define explicit Biacklund
transformations which give Bonnet surfaces.

2 Sixth Painlevé equations and their Bicklund transformations

For the sixth Painlevé equation P; we take Hamiltonian

1 = lata = Dla = 00 = ol = Do =)
+r1q(q —1t) + (0 — 1)g(qg — 1)]p
+ k(g —t)],
where
o = %Hoovﬁ = —%K(Q),’Y = %Hié = %(1 - 92)7

1 1
/ﬁzi(ﬁ%+’i%+971)2*§lﬁm,

then we have a Hamiltonian system

dg _OH dp _OH
dt  Op’dt  Oq’

As we stated before, the Bicklund transformation of Painlevé equations Py transforms
solutions of a equation with given parameters to a solution of a new Py 1 equation with
different parameters.

In [3] and [2], it given Bécklund transformations of Painlevé equation Py ;. Usually,
the Painlevé equations (except for PI) admit two classes of classical solutions. One
and rather simple one are algebraic or rational solutions. The another one is a class of
classical transcendental solutions expressed in terms of special functions of hypergeometric
type. For the case of Py s all the classes are well studied in [5], [3] and [2].

For example, Okamoto gave the examples of rational solutions of Py ; are given in
as follows( [5])

(@ Pm) = (m+1 tm )

t+m’t+m+1

We set
ag = 0,01 = koo, 3 = k1,04 = ko

and
g+ a1 + 2a0 + a3 +ay = 1.

For simplicity of notation we define maps s;, 7 = 0, ..., 4

si(aj) = Oéj — aijozi,j == 0, ...,4, (3)
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Qo a1 Qs a3 Qu fa f2
[&79)
S0 —ap ai as + agp as ay fa Ja — 7o
0
S1 (o7 —Q a2 + o Qs (e 71 fa fo
0%
S2| o+ a2 a1+ az —Q az + a2| g+ a2 f4+JT2 f2
2
a
s3 ao ai as + as —as Qy fa fa — ]TB
3
o)
sS4 Qo ai as + oy as —ay Ja Ja — JT4
I3 Jo(fafo + a2)
S5 a1 oo Qs o o o~ —
fo tt—1)
t
sl o o o o o i | _falfaf2+a2)
fa l
ol o o N o o fo Js(fsfo+ az)
75 t—1

where the matrix A = (a;;), 4,5 =0, ...,4 is defined as follows.

2 0-10 0
0 2-10 0
A=|-1-12 -1-1
0 0-1220
0 0 -10 2

Please refer the following table for transformations for coefficients and variables of
Py (2] and [3]).
where
fo=a—1t fs=q—1,fa=q, and fo = p.

3 Properties of the Bicklund transformations

Lets;, 7 =0, ..., 4 be fundamental Backlund transformations of Py ; as defined in (3). A
discrete group W =< sg, S1,...,84 > 1S an afﬁneA\Yeyl group of a root system D4 and
we can define an extended affine Weyl group by W =< sg,...,s7 >. The extended
affine Weyl group acts on Painlevé equations Py and these are Béacklund transformations
for Ps. In [3], Masuda determined folowing Bécklund transformations and studied their
certain properties of actions for tau-functions:

T3 = 5152505452517, 140 = 54525153525457,
T34 = 53525051525385, 114 = 51545250535256,

“4)

These transformations act on «;, i = 0, ..., 4 as:
T13(O[(),051,0[2,043,0é4) :(Oéo,al,ag,()ég,a4)+(0,1,0 7 )
Tyo (v, o1, o, a3, ) =(vg, g, g, a3, 04) + (—1,0,0,0, 1)
T34(CMO,C¥1,0{2,C¥3,0[4) (CY aq, 09, CY3,CY4) + (O 0 07 17 1)
Tia(, a1, a2, a3, 04) =(v0, a1, 02, a3, 4) + (0,1, 1,0, 1)



On the properties of Bicklund transformations on Painlevé 6th equations

We refer [4] for the case of P, and Py.
In this section we derive some properties of these transformations.
First we check conditions for

(sjs:)" =1,
that is

5i(8i(...(sj(si(ag)))...)) = au.

We simplify s;s;(ag) for 0 < k, j, i < 4.
By virtue of the definition (3),

sj(si(ar)) =s;(ar — aira;)
= — ajkaj — aik(ai — ajiozj)
and
(sjsi)?(an) =s;j(silan — ajpey — ai(ai — ajia;)))
=S5 (Oék — Q0 — ajk(aj — aijai) — aik(—ai)
+ aikaji(aj - aijai))
=ay — ajpaj — aip(o; — ajiog) — aji(—ay )
+ajraij(o; — aijag) + awlai — aijoy)
— Qi Q05 — aikaﬁaij(ai — a,-jaj)
=g + (—ajka?j — Qjpaj; + aika%)aj
+ (ajkai; — aikafj)ai.
Hence
(sjsi)*(an) = o

only when

2 3
—j,a;; — Gk i + a;pa;; =0 and

jra;j — aika?j =0. ©)
We can check that the conditions (5) hold for all 0 < ¢, 7 < 4 with
(i,7) # (0,2),(1,2),(2,3), and (2,4).
We also can check that
(5052)% = 1, (s152)% = 1, (s253)% = 1, and (s954)° = 1. (6)

Now we formulate our main result as follows.

Proposition 1. For fundamental Bdcklund transformations for Painlevé equations Pg
the following relations hold.
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1. s?=1foralli=0,...,7.

2. (513])2 = 1f0rallO <i,j <4, except (i,7) # (0,2),(1,2),(2,3), and (2,4).

3. (8082) = (8182) (8284) =1.

4. Forj=5,6,7, (s;s;)* =1 fori+# 2and (s28j)* = 1.
We note here that since s? = 1, i = 0,...7, we have (s;s;)F = (s;5;)", for all
i j=0,...T.

In [1], it considered following Painlevé equation:

1/1 1 1
n_~ (= /2
Y <y+y—1+y—t>(y)

S R S
t -1 Ty —t)Y

(7
yly-—Dy—1t) (0> t-1
T RE-1yp <2<y1>2
_9(9+2)t(t—1)>
2 (y—1)?

and showed that the solutions of this equations give Bonnet surface of types A.
This is Painlevé equation of type P, ; where

6 00 + 2
0 =0,5=0="ands=- % ®)

Similarly, they also showed that solutions of Painlevé equations of types Py and Pryr
give Bonnet surfaces of types B and C.

Now let us take composites of Béacklund transformations defined in (9) for equations
defined in (7).

First, note that using Proposition 1 we can define

—1 —1

T\ = 57515254508251, 1y = 57545253515254,
—1 —1

T34 = 8§5835251505253, T14 — 56528350525451

€))

and consider the composite
T=T17T3 T T 13- (10)
Then, the general formula for this transformation can be given as
T(a07 Qaq, g, (3, 044) :(CV(), a1, g, (3, 014)
+ (=l k+n,—n,m—k,{ —m+n).
The transformation 7" will act on the equation (7) as follows

T(-2—r—r14r1,0)=(-2—r,—r,1+71,0)

11
+ (=l k+n,—n,m—Fk,{ —m+n). (i
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If we assume that the solutions of equations derived from the transformation (11)
also give a Bonnet surface, the conditions (8) give us

—r+k+n=0
{—m+n=0
Yiem—n2 =17 (12)
2 2
Lo or—0r = L@+ o)
2 2

From first two identities, we deduce
C+r=m+k
and using this into last two identities we have
0=+(1+m—k)
(14+m—k?+20=—1+m+k)B+m+k).

We look the cases # = 1 +m — k and § = —(1 + m — k) separately.

31 Thecase@ =1+m —k

It will lead to the condition k2 +m?2+4m-+3 = 0 which is true only when —3 < m < 1.
This equation has following solutions (m, k) in Z :

(—=1,0),(—=2,41), and (—3,0).

Using these we can find quintuples (r, n, m, ¢, k) which satisfy (12) expressed in n
as follows:
(n,n,—1,—n —1,0)
(n,n,—3,—n —3,0)
(nt1l,n,—2,—n—2+1)

32 Thecase = —(1+m — k)

It will lead to the condition k% +k+(1+m)? = 0 which is true only when —1 < k < 0.
This equation has following solutions (m, k) in Z :

(—=1,0)and (—1,-1).

Using these we can find quintuples (r, n, m, ¢, k) which satisfy (12) expressed in n
as follows:
(n,n,—1,—n —1,0)
(n—1,n,—-1,—n—1,-1)

We sum up all the cases with the following Proposition.
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Proposition 2. Painlevé equations (7) transformed by following Béicklund transformations

and solutions of a new equations give Bonnet surfaces:
T= T1TZT3_41 4_0n_1T103
T =TT Tug" Ty
T= TﬁT3_42T4_on_2T113
T =TTy Ty Ty
T= TﬂT3_42T4_on_2T113
T =TT’ Toe" " Tis!

(13)

4 Conclusion

Finding an explicit form of images of solutions of the Painlevé equations which give a
rise to Bonnet surfaces by Bicklund transformations given by the formula in (13) is a
difficult problem since it expressed in tau functions. Simple examples of such solutions
including rational ones and their images by the Bicklund transformations will be very
useful to understand the whole picture. This will be a topic of our future studies.
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